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Exercise 1: Empirical implications of the Solow Model

Consider the following growth model for a closed economy:

Y (t) = K (t)α (A (t)L (t))1−α (1)

úK (t) = Y (t)− C (t)− δK (t) (2)

C (t) = (1− s)Y (t) (3)
úA (t) /A (t) = x (4)
úL (t) /L (t) = n. (5)

The notation is as follows: Y (t) is output, K (t) is the stock of physical
capital, A (t) represents �technology", C (t) is consumption. Its assumed
that 0 < α < 1, δ > 0, s > 0, x > 0 and n > 0 are constant over time

Question 1.

(a) Show that the system (1) - (5) implies that income per efficiency units
of labor (y ≡ Y/AL) evolves according to

úy (t) /y (t) = α
³
sy (t)−

1−α
α − (n+ δ + x)

´
. (6)

(Hint: Derive the law of motion for capital per efficiency units of labor. Next
use that income per efficiency units of labor is related to capital per efficiency
units of labor in the following way y (t) = k (t)α).
(b) Provide an economic interpretation of this equation � in particular

why úy (t) /y (t) depend on y (t) in the manner indicated.
(c) Solve for the steady state level of income per efficiency units of labor

y∗.
∗Developed for the course "economic growth", Spring 2003.
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Question 2.

Show that a log-linearization of equation (6) around steady state (y = y∗)
yields

úy (t) /y (t) ≈ λ · (ln y∗ − ln y (t)) , (7)

where
λ ≡ (1− α) (n+ δ + x) .

Question 3

(a) What�s the interpretation of λ? (b) Explain why the various parame-
ters matter for λ in the manner indicated by the formula.

Question 4.

Assume s rises by one percentage point. What would be the impact effect
on growth in income per capita (= úy/y+x), assuming we are in the vicinity of
steady state and under plausible assumptions regarding various parameters?

Question 5.

Show that the differential equation (7) can be solved to yield

ln y (t) = ln y (0) e−λt + ln y∗
¡
1− e−λt¢ . (8)

Question 6.

Show that equation (8) along with the expression for y∗ and the added
assumption that

lnA (0) = ln Ā

implies:

ln

µ
Y (t)

L (t)

¶
− ln

µ
Y (0)

L (0)

¶
= β0 + β1 ln

Y (0)

L (0)
+ β2 ln

µ
s

n+ δ + x

¶
.

where β0 =
£
xt+ ln Ā

¡
1− e−λt¢¤, β1 = − ¡1− e−λt¢, β2 = ¡1− e−λt¢ α

1−α .

Question 7.

The table below shows the results one obtains if the above equation is
estimated by OLS on a cross section of countries. (a) Comment on how
these results differ from what you would expect (you may concentrate on the
results from the "intermediate sample"). (b) Provide possible explanations
for such differences.
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Source: Mankiw, Romer and Weil (1992).

.
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exercise 2: Convergence

Consider the following statement:

�In neoclassical growth models ... a country�s growth rate
tends to be inversely related to its starting level of income per
capita...Thus there is a force that promotes convergence in per
capita income levels across countries. The main element behind
the convergence result in neoclassical growth models is diminish-
ing returns to reproducible capital."

Source: R. Barro, 1991, Economic Growth in a Cross-Section of countries.
Quarterly Journal of Economics, 106, p. 407.

Question:

Do you necessarily agree with this statement? Explain why or why not.
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Exercise 3: Growth Accounting

The Table below shows the result from two growth accounting studies
on various South-East Asian countries. As can be seen, there are major
differences when comparing so-called "primal" results, to "dual" results.

Question:

Describe the two methodologies, and explain why the two approaches
may yield different results.
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Exercise 4: Growth accounting

Assume that the Danish economy can be described by the following ag-
gregate production function

Y = Kα (AL)1−α ,

and let úA/A = x, while úL/L = n. While n is observable, x can only be
inferred from the data using the following equation:

úY

Y
− α

úK

K
− (1− α)

úL

L
= (1− α)

úA

A

Assume that x = 0.01, n = 0.01, α = 1/3 and that Denmark, over the
period under consideration, is in a steady state.

Question 1

Denote the growth contribution of factor z by:

ψz ≡
growth accounting contribution of z

úY /Y

What fraction of úY /Y can be accounted for by capital, human input and
TFP, respectively, under the growth accounting framework?

In the coming years the growth rate of the labor force will be declining, as
the population of the Danish economy ages. SpeciÞcally, its known that n
will decrease to zero.
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Question 2

A politician has read you analysis above, and makes the following infer-
ence: �Due to declining growth of the labor force, one can expect that the
GDP of Denmark only will grow by (1− ψL) · úY /Y percent per year, in the
years to come". Do you agree with this inference?

Next consider Sweden. As it turns out, Sweden and Denmark has the same
α, based on national accounts data, and both economies are well described
by the Cobb-Douglas production function above. The difference is, however,
that Sweden is not in steady state. In fact, Sweden is converging towards
steady state from below.

Question 3

If you were to perform a growth accounting study on the Swedish econ-
omy, would you expect ψK to be higher or lower than in Denmark? (Hint:
Think about what is happening to the capital-output ratio as the economy
converges to steady state from below. A geometric argument is sufficient)

Exercise 5: Convergence

Consider the following production function

Y = B
³
�k
´
Kα (AL)1−α ,

where

B
³
�k
´
=

(
B̄ if �k ≥ φ
B
¯
if �k < φ

.

Otherwise the model follows the assumptions of a standard Solow model (cf.
exercise 1).
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Question 1

Show that the dynamic system, expressed in capital in efficiency units of
labor, is given by

·
�k =

(
sB̄�kα − (n+ δ + x) if �k ≥ φ
sB
¯
�kα − (n+ δ + x) if �k < φ .

Question 2

Does this model necessarily imply multiple steady states in �k? A geomet-
rical argument is sufficient.

Question 3

Assume multiple steady states do arise in the model above. Show that
the model, if log-linearized in the vicinity of the two steady states we get the
following law of motion for Y/L = y (t)

ln y (t)− ln y (0) =
(
βh0 + β1 ln y (0) + β2 ln

¡
s

n+δ+x

¢
βl0 + β1 ln y (0) + β2 ln

¡
s

n+δ+x

¢ for �k (0) ≥ φ
for �k (0) < φ

. (9)

where βh0 ≡ xt+
¡
1− e−λt¢ lnA (0)+1−e−λt

1−α ln B̄, βl0 ≡ xt+
¡
1− e−λt¢ lnA (0)+

1−e−λt
1−α lnB

¯
, β1 = −

¡
1− e−λt¢ and β2 = −β1 α

1−α .

Assume that the "world" is characterized by the above dynamics.
Nevertheless, an uninformed researcher estimates the following equation by
OLS:

ln y (t)− ln y (0) = β0 + β1 ln y (0) + β2
α

1− α ln
µ

s

n+ δ + x

¶
. (10)

Accordingly he believes β0 is the same across countries, and that β1 contains
information on the rate of convergence λ. Another researcher has in fact
Þgured out that "the world is described" by equation (9) , and therefor splits
his data into two groups separated by φ (which she claims to have identiÞed).
Let λa be the OLS estimate for the rate of convergence obtained by the

Þrst researcher, while λb is the estimate the second researcher obtains.
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Question 4

Would you expect λa R λb? Explain.

Now we lower a wail of ignorance. We no longer know whether equation
(9) or (10) represents "the truth". But it is the case that splitting our large
sample of country observations into sub-groups, where upon we estimate
equation (10) on each of these, then our estimate for λ changes in the manner
deduced above.

Question 5

Is this conclusive evidence in favor of club convergence? Explain: Why
is it or why isn�t it?
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