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The problem at hand (time indices suppresed):
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First order conditions
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Standard calculations leads to

ċ

c
=
1

θ

·
∂Y

∂K
− δ − ρ

¸
,

i.e. the Keynes-Ramsey rule. But what about ∂Y/∂G and, equally important,
∂Y/∂K?
Total differentiation of the production function yields:
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Isolate dY:
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noting that
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First, we thereby have
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Denote the G/Y ratio which fulfills this equation by τsp

f 0 (τsp) (1− τsp) = f (τsp) .

Next, regarding dY/dK :
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Using that τ = τsp

∂Y

∂K
=

f (τsp)

1 + f0(τsp)τsp
f(τsp)

and that from dY/dG = 1

f 0 (τsp) (1− τsp) = f (τsp) (1)

it follows that

∂Y

∂K
=

f (τsp)

1 + f 0(τsp)τsp
f 0(τsp)(1−τsp)

∂Y

∂K
=
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1− τsp + τsp
= (1− τsp) f (τsp) .
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If we insert this into the Keynes-Ramsey rule

γ =
1

θ
((1− τsp) f (τsp)− δ − ρ) .

where τsp fulfills, to repeat

f 0 (τsp) (1− τsp) = f (τsp) .

The latter condition is exatly equal to the condition ensuring "maximum"
growth in the market economy, since the market solution is

γ =
1

θ
(f (τ) (1− τ)− δ − ρ)

and
∂γ

∂τ
= −f (τ) + (1− τ) f 0 (τ) = 0

thus
(1− τ∗) f 0 (τ∗) = f (τ∗) . (2)

Comparing equation (1) with equation(2) immediately yield the insight that
τsp = τ∗.
Botton line: The market solution (where τ is selected such that it maximizes

growth, τ = τ∗) equals the planners solution, where τ = τsp.
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