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SOCIAL PLANNER PROBLEM
In this version of the model (Cf B&S 5.2.2) there are no externalities.

Hence, we go straight at the Social planner problem

max

Z ∞
0
ln cte

−ρtdt

ct ≥ 0, ut ≥ 0
K̇ = Y − C − δK

Y = Kα (uH)1−α

Ḣ = B (1− u)H − δH

Kt ≥ 0, Ht ≥ 0 for all t
Control v.:

State v.:
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The Hamiltonian

H (c, u,H,K, λK, λH, t)

= ln cte
−ρt + λK

h
Kα (uH)1−α − C − δK

i
+ λH [B (1− u)H − δH]

FOC

c :
1

c
e−ρt = λk

u : λk (1− α)
Y

u
= λHBH

H : λK (1− α)
Y

H
+ λH [B (1− u)− δ] = −λ̇H

K : λK

∙
α
Y

K
− δ

¸
= −λ̇K
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Usual manipulations lead to the K-R rule

Ċ

C
= γC = α

Y

K
− δ − ρ

in addition we have

γH = B (1− u)− δ

and

γK =
Y

K
− C

K
− δ

A Balanced growth path is quantities {Y,C,H,K, u}∞0 and prices

{λK, λH}∞0 such that γj = γi for all i 6= j where i, j = Y,C,H,K;

λK/λH is constant and u = constant.

Our strategy is simply to impose this requirement, and derive the

growth rate of the economy as well as u = u∗.
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Step 1: Find α (Y/K)∗

Use H 0u :
λk
λH

=
BuH

(1− α)Y

and H 0H

−γλH =
λK
λH

(1− α)
Y

H
+B (1− u)− δ

=
BuH

(1− α)Y
(1− α)

Y

H
+B (1− u)− δ = B − δ

Finally, imposed balanced growth: γλH = γλK and use H
0
K

−γλK = α

µ
Y

K

¶∗
− δ = −γλH = B − δ
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Hence

α

µ
Y

K

¶∗
= B

Observe that this implies γ∗K = γ∗Y , and that the growth rate of C

γ∗C = B − δ − ρ.

Step 2: Show γ∗K = γ∗C = γ∗Y . This follows since:

γ∗K =
µ
Y

K

¶∗
−
µ
C

K

¶∗
− δ

so γ∗K = γ∗C = γ∗Y .
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Step 3: get u∗

Begin by noting that (from H 0c)
λk
λH

= B
uH

(1− α)Y

So λk
λH
= constant requires H/Y to be constant, for u constant. Hence

γ∗H = γ∗Y = ... = γ∗c.
Next, use Ḣ equation

γ∗H = B (1− u∗)− δ = γ∗Y = B − δ − ρ

Which leads to

u∗ = ρ/B.

which completes the solution for the balanced growth path
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Some remarks on transitional dynamics
Consider the imbalance effect noted in the "simple" Uzawa-Lucas

model. We need to figure out the transitional dynamics of Y/K; then

we will know how C behaves, and as it turns out, Q ≡ Y + λHḢ

From the production function we find that

Y

K
=

µ
uH

K

¶1−α
in addition Hu gives us

λk
λH

= B
uH

(1− α)Y
= B

uH/K

(1− α)Y/K
= B

(Y/K)1/(1−α)

(1− α)Y/K

=
B

1− α
(Y/K)

α
1−α .

Hence, γ λk
λH

= α
1−αγY/K.
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Now −γλH = B − δ and −γλK = αY
K − δ. Hence, using this and the

fact that γ λk
λH

= α
1−αγY/K :

γλK − γλH =
α

1− α
γY/K = −α

Y

K
+ δ +B − δ

so

γY/K =
1− α

α

∙
B − α

Y

K

¸
= (1− α)

∙
B

α
− Y

K

¸
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