
Economic Growth Exercises

22.02.2010. Christian Groth

Problem set II

II.1 (stocks versus flows) Two basic elements in growth models are often presented

in the following way. The aggregate production function is described by

Y = F (K,L, T ), (1)

where Y is output, K is capital input, L is labor input and T is the “level of technology”.

And accumulation of the stock of capital in the (closed) economy is described by

K̇ =
dK

dt
= Y − C − δK, (2)

where δ is the (exogenous) rate of (physical) depreciation of capital.

a) What denominations (dimensions) should be attached to output, capital input and

labor input in a production function?

b) What is the denomination (dimension) attached toK in the accumulation equation?

c) Is there any consistency problem in the notation? Explain.

d) Suggest an interpretation that ensures that there is no consistency problem.

e) Suppose there are two countries. They have the same technology, the same capital

stock, and the same number of man-hours per worker per year. Country A does not

use shift work, but country B uses shift work, two work teams per day. Adapt the

formula (1) so that it can be applied to both countries.

f) Suppose F is a neoclassical production function with CRS wrt. K and L. Compare

the output levels in the two countries. Comment.

II.2 Consider a standard Solow model for a closed economy with perfect competition.

The rate of Harrod-neutral technical progress is 1.8 percent per year, the rate of population

growth is 0.5 percent per year, capital depreciates at the rate 0.6 per year, and in steady

state the share of labor income in steady state is 2/3.
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a) Find the speed of adjustment (sometimes called the speed of convergence) and

the half-life. Hint: given the production function on intensive form, f(k̃), in a

neighborhood of the steady state, the speed of adjustment is approximately (1 −
k̃∗f 0(k̃∗)

f(k̃∗)
)(x+ n+ δ).

b) Comment on the result you have got in relation to your knowledge of direct estimates

of empirical adjustment speeds.

c) What is the doubling-time of income per capita implied by the model?

d) What is the long-run per capita growth rate implied by the model?

e) Suppose the economy is in steady state. Then, for some extraneous reason, the

saving rate is increased to a new constant level. Illustrate graphically what happens.

Comment on what happens to the growth rate of y ≡ Y/L temporarily and in the

long run − and why it happens.

II.3 Consider a closed economy with technology described by the aggregate produc-

tion function

Y = F (K,L),

where F is a neoclassical production function with CRS and satisfying the Inada condi-

tions, Y is output, K is capital input and L is labor input = labor force = population

(there is always full employment). A constant fraction, s, of net income is saved (and

invested). Capital depreciates at the constant rate δ > 0.

a) Assuming a constant population growth rate n, derive the fundamental differential

equation of the model and illustrate the dynamics by a phase diagram. Comment.

b) Assume instead that the population growth rate n is a smooth function of per capita

income, i.e., n = n(y), where y ≡ Y/L. At very low levels of per capita income, n

is zero, at higher per capita income, n is a hump-shaped function of y, and at very

high levels of y, n tends to zero, that is, for some ȳ > 0 we have

n0(y) R 0, for y Q ȳ, respectively,

whereas n(y) ≈ 0 for y considerably above ȳ. Show that this may give rise to a

dynamics quite different from that of the Solow model. Comment.
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II.4 Short questions We assume a selection of countries (considered, for simplicity, as

closed economies) can be described by the Ramsey model with Harrod-neutral technical

progress at a constant positive rate. For each country parameters and initial conditions

are such that an equilibrium exists (B&S notation).

a) “The model predicts that for countries with the same technology (same F , T0, x

and δ), differences in per capita growth rates are only temporary and due to the

transitional dynamics.” True or false? Comment.

b) “The model predicts that for countries with the same technology, differences in per

capita income are only temporary and due to the transitional dynamics.” True or

false? Comment.

c) “The Ramsey model predicts that for countries with similar structural characteris-

tics, the further away from its steady state a country is, the higher is its per capita

growth rate.” True or false? Comment.

II.5 Short questions Consider the Ramsey model for a market economy with perfect

competition.

a) Write down the dynamic budget constraint and the NPG condition for the repre-

sentative household expressed in absolute terms (not per capita terms).

b) Derive the corresponding dynamic budget constraint and NPG condition expressed

in per capita terms.

c) “Only if the production function is Cobb-Douglas does the Ramsey model predict

that the share of labor income in national income is constant in the long run.” True

or false? Give a reason for your answer.

d) Are the predictions of the Ramsey model (with exogenous Harrod-neutral technical

progress) consistent with Kaldor’s “stylized facts”? Give a reason for your answer.

II.6 Short questions

a) Can a path below the saddle path in the (k̃, c̃) space be precluded as an equilibrium

path with perfect foresight in the Ramsey model? Why or why not?
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b) Can a path above the saddle path in the (k̃, c̃) space be precluded as an equilibrium

path with perfect foresight in the Ramsey model? Why or why not?

c) Answer questions b) and c) now presuming that we are dealing with the solution of

the problem from the point of view of a social planner in the Ramsey model.

d) “If and only if the production function is Cobb-Douglas, does the Ramsey model

predict that the share of labor income in national income is constant in the long

run.” True or false? Give a reason for your answer.

e) Are predictions based on the Ramsey model (with exogenous Harrod-neutral tech-

nical progress) consistent with Kaldor’s stylized facts? Why or why not?

f) In what sense does the Ramsey model imply a more concise theory of the long-run

rate of return than do, e.g., the Solow model and the Diamond OLG model?

g) Briefly, assess the theory of the long-run rate of return implied by the Ramsey model.

That is, mention what you regard as strengths and weaknesses of the theory.

II.7 Set up a Solow model where, though there is no technical progress, sustained per

capita growth occurs. Comment. Hint: a simple approach can be based on the production

function Y = BKαL1−α + AK, where A > 0, B > 0, 0 < α < 1; sustained per capita

growth is said to occur if limt→∞ ẏ/y > 0.

II.8 (a positive technology shock) Consider a Ramsey model for a closed economy.

The model can be reduced to two differential equations

·
k̃t = f(k̃t)− c̃t − (δ + x+ n)k̃t, k̃0 > 0 given, (*)
·
c̃t =

1

θ
(f 0(k̃t)− δ − ρ− θx)c̃t, (**)

and the condition

lim
t→∞

k̃te
− t

0 (f
0(k̃s)−δ−x−n)ds = 0. (***)

Notation is: k̃t = Kt/(TtLt) and c̃t = Ct/(TtLt) = ct/Tt, where Kt and Ct are aggregate

capital and aggregate consumption, respectively, and Lt is population = labor supply, all

at time t. Further, Tt is a measure of the technology level and f is a production function

on intensive form, satisfying f 0 > 0, f 00 < 0, and the Inada conditions. The remaining

symbols stand for parameters and all these are positive. Moreover, ρ− n > (1− θ)x.
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a) Briefly interpret the equations (*), (**), and (***), including the parameters.

b) Draw a phase diagram and illustrate the path the economy follows, given some

arbitrary positive k̃0. Can the divergent paths be ruled out? Why or why not?

c) Is dynamic inefficiency theoretically possible in this economy? Why or why not?

Assume the economy has been in steady state until time 0. Then for some external

reason an unanticipated technology shock occurs so that T0 is replaced by T 00 > T0. After

this shock everybody rightly expects T to grow forever at the same rate as before. We

now study short- and long-run effects of this shock.

d) Illustrate by means of the phase diagram what happens to k̃ and c̃ on impact, i.e.,

immediately after the shock, and in the long run.

e) What happens to the real interest rate on impact and in the long run?

f) Why is the sign of the impact effect on the real wage ambiguous (at the theoretical

level) as long as f is not specified further?1

g) Compare the real wage in the long run to what it would have been without the

shock.

h) Suppose θ = 1. Why is the sign of the impact effect on per capita consumption

ambiguous? Hint: c = (ρ− n)(k + h).

i) Compare per capita consumption in the long run to what it would have been without

the shock.

II.9 (aggregate saving and the return to saving) Consider a Ramsey model for a closed

competitive market economy with public consumption, transfers, and capital income tax-

ation. The government budget is always balanced. The model leads to the following

differential equations (standard notation)

·
k̃ = f(k̃)− c̃− γ̃ − (δ + x+ n)k̃, k̃0 > 0 given, (*)
·
c̃ =

1

θ

h
(1− τ r)(f

0(k̃)− δ)− ρ− θx
i
c̃, (**)

1Remark: for “empirically realistic” production functions (having elasticity of factor substitution
larger than elasticity of production wrt. capital), the impact effect is positive, however.
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and the condition

lim
t→∞

k̃te
− t

0 [(1−τr)(f 0(k̃s)−δ)−x−n]ds = 0. (***)

All parameters are positive and it is assumed that ρ > n and

lim
k̃→0

f 0(k̃)− δ >
ρ+ θx

1− τ r
> n+ x > lim

k̃→∞
f 0(k̃)− δ.

The government controls γ̃, τ r ∈ (0, 1), and the transfers. Until further notice γ̃ and

τ r are kept constant over time and the transfers are continuously adjusted so that the

government budget remains balanced.

a) Briefly interpret (*), (**), and (***), including the parameters.

b) Draw a phase diagram and illustrate the path that the economy follows, for a given

k̃0 > 0. Comment.

c) Is it possible for a steady state to exist without assuming f satisfies the Inada

conditions? Why or why not?

d) Suppose the economy has been in steady state until time t0. Then, suddenly τ r is

increased to a higher constant level. Illustrate by a phase diagram what happens in

the short and long run. Give an economic interpretation of your result.

e) Does the direction of movement of k̃ depend on θ? Comment.

f) Suppose θ = 1. It is well-known that in this case the substitution effect and the

income effect on current consumption of an increase in the (after-tax) rate of return

offset each other. Can we from this conclude that aggregate saving does not change

in response to the change in fiscal policy? Why or why not? Add some economic

intuition. Hint regarding the latter: when θ = 1, ct = (ρ− n)(at + ht), where

ht ≡
Z ∞

t

(ws + xs)e
− s

t [(1−τr)rτ−n]dτds;

here, xs is per capita transfers at time s. Four “effects” are in play, not only the

substitution and income effects.

II.10 (command optimum) Consider a Ramsey setup with CRRA utility and exogenous

technical progress at the constant rate x ≥ 0. Suppose resource allocation is not governed
by market mechanisms, but by a “social planner”− by which is meant an ”all-knowing and
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all-powerful” central authority. The social planner is not constrained by other limitations

than those from technology and initial resources and can thus ultimately decide on the

resource allocation within these confines.

The decision problem of the social planner is (standard notation):

max
(ct)∞t=0

U0 =

Z ∞

0

c1−θt − 1
1− θ

e−(ρ−n)tdt s.t. (1)

ct ≥ 0, (2)
·
k̃t = f(k̃t)−

ct
Tt
− (δ + x+ n)k̃t, (3)

k̃t ≥ 0 for all t ≥ 0, (4)

where δ + x > 0 and θ > 0 (in case θ = 1, the expression (c1−θ − 1)/(1 − θ) should be

interpreted as ln c). Assume ρ − n > (1 − θ)x and that the production function satisfies

the Inada conditions.

a) Briefly interpret the problem, including the parameters. Comment on the inequality

ρ− n > (1− θ)x.

b) Derive a characterization of the solution to the problem.

c) Compare the solution with the equilibrium path generated by a market economy de-

scribed by a Ramsey model with perfect competition and with the same preferences

and technology as above. Comment.

–
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