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Problem set for midterm paper

This is the mandatory homework assignment in Economic Growth, Spring 2016. You are

encouraged to solve the assignment together with fellow students (max. four students per group).

If you do not know the other students, but would like to have one or two co-workers, you may

send me an e-mail or talk to Niklas about it. Then we might be able to match you with somebody

else in the same situation. You may write your paper in English or Scandinavian as you prefer.

As to the text and mathematical formulas in the paper you may use either your computer or

readable handwriting. For the present assignment you will need a computer to produce some

of the numerical results. The maximum accepted number of pages is 8 (10 if hand writing).

Be careful with your language. Be brief and precise. For example, when you are asked to

“comment”, your comment should be a short remark - right to the point.1

In Absalon, make sure you appear as enrolled into the course. If not, contact study admin-

istration.

Time table for course activity during the homework/workshop period:

1. Friday April 1, 8:00. The homework/workshop assignment is posted at the course website.

2. Wednesday, April 6, 8:15-10:00. At least half of the exercise class will take the form of a

workshop where Niklas acts as a group consultant. NB! Each group should bring at least one

laptop with Matlab installed. You can download Matlab from the Software Library at KUnet

(intranet.ku.dk). It is recommended that you also, in advance, go to

http://www.econ.ku.dk/okocg/Computation/main.html

and download the following material: 1) the system files for the Relaxation Algorithm, 2) the

Instruction Manual, and 3) the Matlab code for "Ramsey model with a public sector".

3. Friday April 8. Lecture as usual.

4. Wednesday, April 13, 8:15-10:00. Part of the class may be used for follow-up on homework.

5. Deadline for your paper is: Friday April 15 at 10:15. You may either upload your paper, as a

pdf-file, in Absalon (please do it as the group you are!) before deadline (then you automatically

have a kind of acknowledgement!) or give the paper to me at the lecture that Friday. The

deadline is a must ! The front page of your paper should provide the following information:

a) Full names of all the authors. b) Date. c) Name of the course and lecturer.

1Greg Mankiw has good recommendations about how to write:
http://gregmankiw.blogspot.com/2006/10/how-to-write-well.html.
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I and/or Niklas evaluate your paper (“accepted” or “not accepted”) and return it, with

comments, as soon as possible. The paper must be accepted (grade at least 2) in order to go in

for the final written exam.

Good luck! Christian

The weights of the problems are:

Problem 1: 25 %, Problem 2: 35 %, Problem 3: 15 %, Problem 4: 15 %, Problem 5:

10 %.

Problem 1 Taxation, saving, and economic evolution Consider a Ramsey model,

in continuous time, of a closed competitive market economy with public consumption,

lump-sum taxes (positive or negative), and capital income taxation. The government

satisfies its intertemporal budget constraint. The model leads to the following differential

equations

·
k̃t = f(k̃t)− c̃t − γ̃ − (δ + g + n)k̃t, k̃0 > 0 given, (1)
·
c̃t =

1

θ

[
(1− τ r)(f ′(k̃t)− δ)− ρ− θg

]
c̃t, (2)

and the condition

lim
t→∞

k̃te
−
∫ t
0 [(1−τr)(f ′(k̃s)−δ)−g−n]ds = 0. (3)

Notation is: k̃t ≡ Kt/(AtLt) and c̃t ≡ Ct/(AtLt) ≡ ct/At, where Kt and Ct are aggregate

capital and aggregate consumption, respectively, and Lt is population = labor supply, all

at time t. Further, At is a measure of the technology level and γ̃ ≡ Gt/(AtLt), where Gt

is government consumption. Finally, f is a production function in intensive form, derived

from an aggregate neoclassical CRS production function. The remaining symbols stand

for parameters and all these are positive.

We assume that capital is essential and that the instantaneous utility function is

u(c,G) =
c1−θ

1− θ + v(G), θ > 0. (4)

We further assume that

lim
k̃→0

f ′(k̃)− δ > ρ+ θg

1− τ r
> n+ g > lim

k̃→∞
f ′(k̃)− δ. (5)

The government controls γ̃ (> 0) together with τ r ∈ [0, 1) and the lump-sum taxes. Until
further notice τ r is kept constant over time; γ̃ is kept constant throughout and is of

moderate size so as to not prevent existence of a steady state.
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a) Briefly interpret (1) - (5), including the parameters.

b) Derive and construct a phase diagram and illustrate, for a given k̃0 > 0, the path

which the economy follows. Comment.

c) Is it possible for a non-trivial steady state to exist without assuming f satisfies the

Inada conditions? Why or why not?

d) How does the long-run level of per capita consumption depend on θ? Explain the

intuition.

e) How does the long-run real interest rate depend on g? Explain the intuition.

Problem 2 Aspects of transitional dynamics This problem is about the same model

as Problem 1, but answering the questions requires numerical simulation on a com-

puter. Since consumption in the model is a forward-looking variable, our (nonlinear)

two-dimensional dynamic system has only one pre-determined variable. The solution

path depends on the exogenous initial value of this variable and on the transversality con-

dition which in this model amounts to a requirement of convergence to a unique steady

state which is a saddle point. The solution path in the phase diagram therefore coin-

cides with a section of a saddle path. We need a computer algorithm capable of finding

this (generally nonlinear) saddle path. One such algorithm is known as the Relaxation

Algorithm which you can run in Matlab, see my personal website:

http://www.econ.ku.dk/okocg/Computation/main.html2

Let the function f be Cobb-Douglas with output elasticity w.r.t. capital equal to α

= 1/3. Let θ = 1, ρ = 0.02, g = 0.015, n = 0.005, and δ = 0.05, given that the time unit

is one year. As to the policy parameters, let γ̃ = 0.1 and τ r = 0.2. Your paper should

include figures with the plots mentioned below.

a) Let k̃0 equal 0.6·k̃∗, where k̃∗ is the steady-state value of k̃. Simulate the model
solution and plot the time profile for k̃t and c̃t for t ≥ 0.

The Ramsey model package in Matlab also calculates the half-life of the distance of k̃

from its steady-state value. Let us see how this feature can be utilized.

2You are welcome to use other methods if you master them yourself. In the exercise class there will
be help if you use the Relaxation Algorithm in Matlab.
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b) Let the time path of a variable x be xt = x0e
−βt, where β is a positive constant.

Show analytically that (i) the instantaneous speed of convergence (SOCt) in this

case equals β and that (ii) the half-life of the distance of x from its long-run value

is

h =
ln 2

β
years. (h)

Hint: the instantaneous speed of convergence at time t (SOCt) of a monotonically

converging variable, xt, is defined as the (proportionate) rate of decline per time

unit at time t of the distance to the steady-state value:

SOCt = −
d(|xt − x∗|)/dt
|xt − x∗|

.

Generally in growth models which converge to a steady state, SOCt for a given variable

is not exactly constant during the adjustment. SOCt generally depends on the size and

the sign of x − x∗ at time t (that is why the qualifier “instantaneous”is added).3 SOCt
converges for t → ∞ to the asymptotic SOC, which can therefore be regarded as an

approximation of SOCt.4 The Ramsey model package in Matlab calculates both the half-

life and the asymptotic SOC for k̃.

c) For the simulation in a), report the half-life of the adjustment of k̃ and the asymp-

totic SOC.

d) From knowledge of the half-life one can on the basis of equation (h) calculate the

“average SOC”for k̃ during the first half-life. Do that. Hint: interpret the difference

k̃t − k̃∗ as xt and apply equation (h).5

e) Compare your result in d) with both the average SOC and the asymptotic SOC as

reported by Matlab.

f) If we know that a model converges to a steady state, why bother about measures of

speed of convergence?

g) Let the value of k̃0 equal 0.5·k̃∗. Simulate the model and plot the time profile for k̃t
and c̃t in the cases θ = 1 and θ = 10, respectively (the other parameters unchanged).

3An exception is the Solow model with Cobb-Douglas production function, see Exercise II.2. Here the
SOCt for the capital-output ratio is constant and equal to the asymptotic SOC for the capital-output
ratio.

4Mathematically, in the Ramsey model the asymptotic SOC equals the absolute value of the negative
eigenvalue of the Jacobian matrix based on the right-hand sides of (1) and (2) and evaluated in the steady
state. This needs not distract us here, however.

5If the instantaneous rate of decline per time unit of a variable x at time t is m(t), then the average
rate of decline in the time interval [0, T ] is µ = (

∫ T
0
m(t)dt)/T so that xT = x0e

−µT .
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h) Report the percentage deviation of c̃0 from c̃∗ in the two cases. Give an intuitive

explanation of the sign of the difference between these two percentage deviations.

Problem 3 Solve Exercise 3 at p. 139 in Jones and Vollrath.

Problem 4 Given the prospect of non-increasing population in the world economy

already within a century from now (United Nations, 2013), the prospect of sustained

per capita growth in the world economy in the very long run may seem bleak according

to semi-endogenous growth models. At p. 216, n. 1, in Jones and Vollrath we read :

“without .... population growth, per capita income growth eventually stops”.

Let us take a closer look at the issue. In the macro-version of the Romer-Jones model

in Chapter 5.1, consider the case n = 0 = ϕ and, for simplicity, let λ = 1. Assume

K̇ = I − δK = Y − C − δK, δ ≥ 0, K0 > 0

LA = sRL, 0 < sR < 1,

where sR is constant (standard notation). Assume further, for simplicity, that gross

investment I equals capital depreciation for all t ≥ 0 and that, at least initially, the

production technology is suffi ciently productive to allow positive consumption. We thus

do not assume a constant sK as Jones and Vollrath do at p. 100.

a) Set up the complete model and find the time path of A.

b) Find the time path of y ≡ Y/L.

c) Find the time path of c ≡ C/L. Comment in relation to the cited footnote at p.

216.

d) Is it conceivable that the further development of information and communication

technologies or other factors might to some extent affect one or several parameters

in the model so as to improve upon the time path c compared to the result at c).

Discuss.

Problem 5 Short questions

a) In cross-country growth regressions the estimated coeffi cient to country size (as

measured by the log of population) is generally found to be close to zero and not
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significant (see for instance Barro and Sala-i-Martin, Economic Growth, 2nd ed., pp.

536-537). Some people interpret this finding as a rejection of the hypothesis that a

larger population means larger capacity to create ideas promoting productivity. On

the basis of a brief discussion, give your opinion on the issue.

b) An important aspect of growth analysis is to pose good questions in the sense of

questions that are both interesting and manageable (not too big). Such questions

can be raised - and discussed - in the Discussion Forum to be set up in Absalon

as well as possibly in one of the lectures or class sessions later in the semester.

What question would you suggest should be discussed? Please, state the question

in English. It would be fine if your question could provoke debate.

- - -
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