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Attempt both questions.

Explain all the steps of your analysis and define any new notation that you use.

Show all the calculations that your analysis relies on.

Question 1: Adverse selection model with endogenous types

The following is an extended version of the adverse selection model that we studied in the course.

A firm (the agent) interacts with a government procurement agency (the principal). The firm pro-

duces office material that the procurement agency wants to buy. The firm’s cost of producing q units of

office material is given by the function C (q, θ), where θ is an efficiency parameter. This function satisfies

C (0, θ) = 0, Cq > 0, Cqq ≥ 0, Cθ > 0, Cqθ > 0, Cqqθ ≥ 0.

The value for the procurement agency of receiving q units of office material is given by the function

S (q), which satisfies

S′ (q) > 0, S′′ (q) < 0, S (0) = 0.

The efficiency parameter θ can take two values: θ ∈
{

θ, θ
}

, with 0 < θ < θ. Whether the firm is “good”

(meaning θ = θ) or “bad” (meaning θ = θ) is stochastic. However, by exerting costly effort the firm can

increase the probability of being a good firm (this is where the model differs from the one we studied in

the course). In particular, if the firm makes an effort and thereby incurs the cost ψ > 0, it will be good

with probability ν1 and bad with probability 1 − ν1. If the firm does not exert effort, it does not incur

any effort cost and it will be good with probability ν0 and bad with probability 1 − ν0. We assume that

0 < ν0 <ν1 < 1.

The timing of events is as follows.

1. The procurement agency chooses a menu of contracts. A contract can specify the quantity q that

the firm must produce and deliver and the payment t that the firm will receive.

2. The firm decides whether to reject all contracts in the menu or to accept one of them.

3. If the firm accepted a contract at date 2, the firm first decides whether or not to exert effort and

thus incur the cost ψ. Then the firm’s efficiency parameter θ is drawn, either according to the ν0

distribution or the ν1 distribution (depending on whether the firm exerted effort). The realization

of θ is observed by the firm itself. However, the procurement agency cannot observe (i) the firm’s

effort choice nor (ii) the realization of θ.

4. If the firm accepted a contract at date 2, production takes place and the procurement agency pays

the firm the contractually specified payment t.

The procurement agency is risk neutral and its payoff, given a quantity q and a payment t, equals

V = S (q) − t. The firm is also risk neutral and its payoff, given a quantity q and a payment t, equals

U = t − C (q, θ) − ψ if it has exerted effort at date 3 and U = t − C (q, θ) otherwise. If the firm rejects all

contracts at date 2, then its (outside option) payoff equals zero.
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Suppose the procurement agency wants to induce the firm to exert effort. Also suppose that the

parameters of the model are such that it is optimal to interact with both types and to offer them dis-

tinct contracts. Then we can write the procurement agency’s problem as follows. The principal chooses(
q, q, t, t

)
so as to maximize its expected payoff,

V
(

t, q, t, q
)

= ν1

[
S
(

q
)
− t
]

+ (1 − ν1)
[
S (q) − t

]
,

subject to six constraints:

t − C
(
q, θ
)
≥ 0, (IR-bad)

t − C
(

q, θ
)
≥ 0, (IR-good)

t − C
(
q, θ
)
≥ t − C

(
q, θ
)

, (IC-bad)

t − C
(

q, θ
)
≥ t − C (q, θ) , (IC-good)

ν1

[
t − C

(
q, θ
)]

+ (1 − ν1)
[
t − C

(
q, θ
)]

− ψ ≥ ν0

[
t − C

(
q, θ
)]

+ (1 − ν0)
[
t − C

(
q, θ
)]

, (IC-effort)

ν1

[
t − C

(
q, θ
)]

+ (1 − ν1)
[
t − C

(
q, θ
)]

− ψ ≥ 0. (IR-ante)

The first-best levels of q and q are defined, in the usual way, by the following two equations:

S′
(

qFB
)

= Cq

(
qFB, θ

)
, S′

(
qFB
)

= Cq

(
qFB, θ

)
.

This means, in particular, that qFB < qFB. Now assume that the effort cost ψ takes a value in some

intermediate range, so that it is neither very small nor very large. In particular, assume the following

inequalities hold:

C
(

qFB, θ
)
− C

(
qFB, θ

)
<

ψ

ν1 − ν0
< C

(
qFB, θ

)
− C

(
qFB, θ

)
. (1)

Let qSB and qSB denote the (second-best) levels of q and q, respectively—that is, the quantities that

solve the problem shown above. Answer the following questions.

(a) How does qSB relate to qFB? How does qSB relate to qFB? Solve as much as you need of the problem

in order to answer those questions. You do not need to show that the second-order condition is

satisfied (and you will not get any credit if you nevertheless do that), but otherwise you should

prove all your claims.

[You are encouraged to attempt part (b) also if you have not been able to answer part (a).]

(b) Explain the intuition/the economic logic behind the results that you find. If you think it it sheds

light on the logic for the problem here, you are encouraged to relate to other results/arguments

that we have studied and discussed in the course.

Question 2: Moral hazard with mean-variance preferences

Consider the following moral hazard model with mean-variance preferences that we studied in the

course. There is one (single) agent, A, and one principal, P. A chooses an effort level e ∈ <+, thereby
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incurring the cost c (e) = 1
2 e2. Given a choice of e, the output (i.e., A’s performance) equals q = e + z,

where z is an exogenous random term drawn from a normal distribution with mean zero and variance

ν. It is assumed that P can observe q but not e. Moreover, neither P nor A can observe z. A’s wage (i.e.,

the transfer from P to A) can only be contingent on the output q. It is restricted to be linear in q:

t = α + βq = α + β (e + z) .

A is risk averse and has a CARA utility function: U = − exp [−r (t − c (e))], where r (> 0) is the coeffi-

cient of absolute risk aversion. Therefore A’s expected utility is

EU = −
∞∫

−∞

exp [−r (t − c (e))] f (z) dz,

where f (z) is the density of the normal distribution. P’s objective function is

V = q − t = q − α − βq = (1 − β) (e + z) − α,

which in expected terms becomes EV = (1 − β) e − α. It is also assumed that A’s outside option utility

is Û = − exp
[
−rt̂

]
, where t̂ > 0. The timing of events is as follows.

1. P chooses the contract parameters, α and β.

2. A accepts or rejects the contract and, if accepting, chooses an effort level.

3. The noise term z is realized and A and P get their payoffs.

Answer the following questions:

(a) Solve for the β parameter in the second-best optimal contract, denoted by βSB (you do not need to

solve for αSB, and you will not get any credit if you nevertheless do that). You should make use of

the following (well-known) result:

EU = − exp

[

−r

(

α + βe −
1
2

e2 −
1
2

νrβ2
)]

.

[You are encouraged to attempt parts (b)–(d) also if you have not been able to answer part (a).]

(b) Does the agent get any rents at the second-best optimum? Do not only answer yes or no, but also

explain how you can tell.

(c) The first-best values of the effort level and the β parameter equal eFB = 1 and βFB = 0, respectively.

How do these values relate to the corresponding second-best values? In particular, is there under-

or overprovision of effort at the second-best optimum?

(d) Consider the limit case where r → 0. Explain what happens to the relationship between the

second-best and the first-best effort levels. Also explain the intuition for this result.

End of Exam
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