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Exercises to Chapter 8

(1) We normalize prices setting p1 = 1. The producer will then choose to supply

the amount
1
p2

with input
1
p2

2

, giving a profit p2
1
p2
−

1
p2

2

. Then the consumers have

demand for commodity 1 of size

2
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[
2 + 4p2 +

1
3

(
1 −

1
p2

2

)]
,

3
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[
3 + 7p2 +

1
3

(
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1
p2

2

)]
,

3
7

[
4 + 5p2 +

1
3

(
1 −

1
p2

2

)]
,

(1)

and in an equilibrium with positive production the sum of these demands should
equal the net supply which is

9 −
1
p2

2

.

There is however no nonnegative value of p2 for which demand does not exceed
supply, so we have to look for cases where p2 < 1 so that profit is negative with
positive production, meaning that in such cases y2 = y1 = 0. In this situation, the
income term in the consumer demand (1) is zero, and the consumer demand reduces
to

2
5
[
2 + 4p2

]
,

3
4
[
3 + 7p2

]
,

3
7
[
4 + 5p2

]
,

the sum of which equals the supply 9 at the price p2 = 0.471.

(2) Let the Cobb-Douglas utility function of consumer i be ui(xi) =
∏l

h=1(xih)αih , giving
rise to the demand function

ξi(p, ωi) =

(
αih

p · ωi

ph

)l

h=1

.
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Normalized Walras equilibrium prices p ∈ 4 for E satisfies the equation system

m∑
i=1

αih
p · ωi

ph
=

m∑
i=1

ωih, h = 1, . . . , l,

l∑
h=1

ph = 1.

(2)

To show that there is a unique equilibrium we check that individual demand functions
satisfies gross substitution: Indeed, let i be arbitrary, and let h, k ∈ {1, . . . , l}, h , k,
then

∂
∂pk

(
αih

p · ωi

ph

)
= αih

ωik

ph
> 0.

Since the equations system (2) has a unique solution in 4, we may consider this
solution as a function F of ω = (ω1, . . . , ωm) ∈ Rml. The game of withholding some
resources from the market has then strategy spaces Σi = {ω′i ∈ R

l
+ | ω

′

ih ≤ ωih, h =

1, . . . , l} for i = 1, . . . ,m, and the payoff function of consumer i given the strategy array
ω′ = (ω′1, . . . , ω

′

m) is
πi(ω′) = ui(ξi(F(ω′), ω′i) + (ωi − ω

′

i)),

for i = 1, . . . ,m. A strategy array ω0 is a Nash equilibrium of the game if

πi(ω0) ≥ πi(ω′i , ω
0
)i(), all ω′i ∈ Σi, i = 1, . . . ,m,

where (ω′i , ω
0
)i() is the strategy array obtained from ω0 after replacing ω0

i by ω′i .
Existence of a Nash equilibrium cannot be inferred from standard results, and

indeed standard examples show that Nash equilibria do not always exist: Consider
an economy with m = l = 2 and utilitiy functions

u1(x1) = x1/3
11 x2/3

12 , u2(x2) = x2/3
21 x1/3

22 , ω1 = ω2 = (1, 1).

If consumer 1 sends λ1 ∈ [0, 1] of commodity 1 and λ2 ∈ [0, 1] to the market, with-
holding the rest, then the equilibrium equation for commodity 1 becomes

1
3
λ1p1 + λ2(1 − p1)

p1
+

2
3

1
p1

= 1 + λ1

which gives the equilibrium prices

p1 =
1

1 + 1
3λ2 + 2

3λ1
, p2 = 1 − p1.

After inserting numerical values ofλ1 andλ2, it turns out that final utility of consumer
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1 increases as more and more of commodity 2 is withheld from the market, meaning
that there is no optimal strategy for consumer 1 for the given strategy of consumer
2. Since the endowment of consumer 2 enters only as a constant, we have that there
is no Nash equiliibrium in this game.

If in the general case (ω0
1, . . . , ω

0
m) is itself a Nash equilibrium, the resulting alloca-

tion is trivially Pareto optimal. Otherwise, we would have an allocation obtained in
the market different from the Walrasian where marginal rates of substitution are the
same for all individuals, and a final allocation obtained by adding the the withheld
amounts to the bundles of each consumer, and then marginal rates of substitution
cannot be expected to be the same for all.

(3) As in Exercise (1), we normalize prices so that p1 = 1. If the producer chooses the
output y2, then input is y2

2 and profit is p2y2 − y2
2. The demand for commodity 1 of

the three consumers is

2
5

[
2 + 4p2 +

1
3

(
p2y2 − y2

2

)]
,

3
4

[
3 + 7p2 +

1
3

(
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2
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,

3
7

[
4 + 5p2 +

1
3

(
p2y2 − y2

2

)]
,

and the sum should equal supply which is 9 − y2
2, which for given y2 is solved to

give the equilibrium price p2. The value of y2 is then selected such that profits at the
resulting equilibrium prices is maximal.

Numerical computations give the following table:

y2 p2 profit
1.5 0.325 -1.7625
1 0.395 -0.605

0.5 0.445 -0.0275
0.25 0.46 0.0525
0.15 0.47 0.048

We conclude that in the Cournot-Walras equilibrium output is 0.25, and the resulting
price system is (1, 0.46).

(4) When taking replica, the number of firms increase with n, but so does the number
of consumers. and thereby the market. This means that the situation facing the indi-
vidual firm in the nth replica looks much the same as that of the firm in E. However,
there is a difference: Each firm contemplating a deviation will face a residual market
– or more correctly, will expect to influence the established market equilibrium prices
– which is made up by many more different consumers with possibly different re-
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sponse, and intuitively this will make deviation from an established allocation more
attractive.

This intuitive version of this situation is sustained by the classical model of
Cournot oligopoly in an economy with two goods, where the consumer side is
described by a demand schedule, and in equilibrium, each firm is facing the residual
demand given the choices of the other firms. Suppose that initially there are n firms
and the demand function has the form p = 1 − x, where x is total output. In the

symmetric equilibrium with zero cost each firm produces
1

m + 1
and total output is

m
m + 1

. In the k-replica, the demand function is p = 1−
1
k

x, the km firms each produce
k

km + 1
, and total output satisfies

k2m
km + 1

=
km

m + 1
k

→ k

showing that the allocation tends towards the Walras equilibrium allocation as k
grows large.

(5) The answers depend on a numerical analysis of the given functions. The graphical
illustrations are taken from the article by Bonanno (1990). The first two figures
illustrate the demand functions for firm 1 (left) and 2 (right) for given value of p2 (p1)
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The next figure shows the profit function of firm 1 for p2 < 3, p2 = 3, p2 > 3. It is seen
that the profit function cannot be quasi-concave in p1 and p2.
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Figure 4, The profit function of firm I, Pt (pt, p2), for different values of the parameter
p2 :  ( a )  f o r  p2<3 ,  ( b \  f o r  p2=3 '  ( c )  f o r  p ,  >  3 .
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Finally, the reaction curves are given below (thin for 1, fat for 2), and they do not
intersect, so that there is no equilibrium.CENERAL EQUILIBRIUM WITH IMPERFECT COMPETITION 3 1 5

J P 2

Figures. The thick l ines represent the reaction curve of f irm 2, while the thin l ines
represent the reaction curve of firm l

In fact, they also give an example where each irm has exactly one owner and,
therefore, the flrm has a natural objective, namely choosing a production plan
so as to maximize the indirect uti l i ty function of its owner (this behaviour is, of
course, independent of the normalization rule). Also in this example there are no
(pure-  o r )  m ixed-s t ra tegy  equ i l ib r ia .

7. Compromises between the conjectural and the objective approach

We saw above (section 4) that the conjectural (or subjective) approach of Negishi
can be crit icized on the grounds that conjectures are somewhat arbitrary and can
be 'v€ry wrong', that is, very different from the underlying objective functional
relations (the only objective constraint imposed by Negishi is that the conjectural
demand curve be consistent with the observed state of the market). The objective
approach, on the other hand, can be crit icized for being extremely unrealistic:
in order to calculate the objective demand functions, firms need to have a general
equil ibrium model of the economy, a huge amount of information available and
almost unlimited processing capabil it ies. It is for this reason that a number of
authors (Bonanno and Zeeman, 1985, Bonanno, 1988, Gary-Bobo, 1987, Hart,
1985, Silvestre, 1977b) have suggested some sort of compromise between the two
approaches. The first contribution along these lines is the one by Silvestre
(1977b). Silvestre suggests that f irms may try to gain some knowledge of their
'true' or objective demand curves by performing small price experiments (by
'small '  we mean 'within a small interval of prices'). They thus collect data and
use it to estimate their demand function. Suppose that the estimated demand
function is linear (or, to be more precise, alTrne). Then we can say that it is a
'correct' extrapolation, at a given state of the market, if the estimated demand

(6) [Missing term in expression (6) which should be
∑l−1

h=1 alhyh = L(p)]Assuming that
each capitalist is in charge of the output of exactly one commodity, being the only
producer of this commodity, we get that the profit of the jthe capitalist at prices p and
output y is found as the value of output p jy j minus the cost of producing this output,
which amounts to

∑l−1
h=1 ph(ahjy j), minus labor cost 1 · al jy j, giving the expression in (4).

Let p be given, and let F and G be continuous. For each y = (y1, . . . , yl−1) with∑l−1
h=1 yh = L(p), the left-hand side in (5), F(p) + G(p, π(y)) may be taken as belonging
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to Rl−1
+ , and assuming that A is productive, Lemma 2.2 of Ch.2 gives that

(I − A)−1 [F(p) + G(p, π(y)
]

sends y to an element ofR−1
+ . This means that we get a map from {y ∈ Rl−1

+ |
∑l−1

h=1 yh =

L(p) to itself possibly after normalizing, and by Brouwer’s fixed point theorem, this
map has a fixed point p0. Assuming now that F and G(p, π) satisfy the natural
properties of demand functions, that is

p · F(p) = L(p), p · G(p, π) = π(y) = p(I − A)y −
l∑

h=1

alhyh

for all p and y, we get that y0 solves (5) and (6) [corrected version]. Clearly, the map
taking p to this y0 expresses the demand for production (for consumption as well as
for inputs) which will balance the market.

Assuming that for each p, a solution y(p) has been selected, one can state a
Bertrand-Nash equilibrium in this economy as an array p0 = (p1, . . . , pl−1) of prices
such that for each j,

π j(y(p0)) ≥ π j(y(p′j, p
0
) j()

for all p′ ∈ R+.


