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WD[FRP 0 D Prgho ri

Lqwhuqdwlrqdo Wd{ Frpshwlwlrq

dqg Wd{ Frruglqdwlrq

Shwhu Elufk Vûuhqvhq

41 Edvlf ihdwxuhv ri wkh WD[FRP prgho

Wkh sxusrvh ri wklv whfkqlfdo zrunlqj sdshu lv wr grfxphqw dq dssolhg jhqhudo htxloleulxp

prgho ri lqwhuqdwlrqdo wd{ frpshwlwlrq dqg wd{ frruglqdwlrq qdphg WD[FRP1 Wkh

prgho vhhnv wr looxvwudwh wkh glvwruwlrqv dulvlqj iurp wd{ frpshwlwlrq lq d zruog zlwk

kljko| preloh fdslwdo1 Lw pd| dovr eh xvhg wr hvwlpdwh wkh srwhqwldo zhoiduh jdlqv iurp

ydulrxv irupv ri lqwhuqdwlrqdo wd{ frruglqdwlrq1 Gudzlqj rq uhfhqw frqwulexwlrqv wr wkh

wkhru| ri lqwhuqdwlrqdo wd{dwlrq/ wkh WD[FRPprgho lqfrusrudwhv wkh iroorzlqj ihdwxuhv=

� Lqwhuqdwlrqdoo| preloh fdslwdo frpelqlqj zlwk lppreloh oderxu dqg d orfdo

�{hg idfwru wr surgxfh dq lqwhuqdwlrqdoo| wudghg jrrg

� Hqgrjhqrxv oderxu vxsso| dqg dq hqgrjhqrxv joredo vxsso| ri fdslwdo

� Lqwhuqdwlrqdo furvv0rzqhuvkls ri �upv dqg wkh h{lvwhqfh ri sxuh sur�wv

dffuxlqj sduwo| wr iruhljqhuv

� Surgxfwlyh jryhuqphqw vshqglqj rq lqiudvwuxfwxuh dv zhoo dv

vshqglqj rq sxeolf frqvxpswlrq jrrgv

� Dq xqhtxdo glvwulexwlrq ri kxpdq dqg qrq0kxpdq zhdowk surylglqj

d prwlyh iru uhglvwulexwlyh wd{hv dqg wudqvihuv

� Dv|pphwulhv lq frxqwu| vl}hv dqg lq frxqwu| suhihuhqfhv iru uhglvwulexwlrq

dqg iru sxeolf frqvxpswlrq

5



� Dq hjdolwduldq vrfldo zhoiduh ixqfwlrq frpsulvlqj fodvvlfdo xwlolwduldqlvp

dv d vshfldo fdvh

Wkh prgho lv vwdwlf/ ghvfulelqj d vwdwlrqdu| orqj0uxq htxloleulxp1 Wdvwhv dqg whfkqro0

rj| duh ghvfulehg e| vlpsoh ixqfwlrqdo irupv doorzlqj fdoleudwlrq ri vwudwhjlf hodvwlflwlhv

e| dssursuldwh fkrlfh ri d ihz vwuxfwxudo sdudphwhuv zklfk duh hdv| wr lqwhusuhw1

Wkh olwhudwxuh zklfk kdv lqvsluhg wkh ghyhorsphqw ri wkh WD[FRPprgho lv uhylhzhg

lq wzr frpsdqlrq sdshuv4 lq zklfk L dovr h{sodlq wkh surshuwlhv ri wkh prgho lq pruh

ghwdlo dqg glvfxvv wkh vlpxodwlrq uhvxowv zklfk lw surgxfhv1 Khqfh wkh suhvhqw sdshu

vhuyhv rqo| dv d whfkqlfdo grfxphqwdwlrq ri wkh prgho1

Vhfwlrqv 4 wkurxjk 45 ghvfuleh wkh krxvhkrog/ exvlqhvv dqg jryhuqphqw vhfwruv lq wkh

uhsuhvhqwdwlyh frxqwu| dqg wkh jhqhudo htxloleulxp ri wkh zruog hfrqrp| lq d vlwxdwlrq

zlwk wd{ frpshwlwlrq1 Wkh vxevhtxhqw vhfwlrqv ghvfuleh krz wkh prgho fdq eh prgl�hg

wr doorz iru ydulrxv irupv ri lqwhuqdwlrqdo wd{ frruglqdwlrq1 Lq vhfwlrqv 4 wkurxjk 4; L

dvvxph wkdw fdslwdo lv shuihfwo| preloh wkurxjkrxw wkh zruog hfrqrp| dqg wkdw sulydwh

vhfwru wdvwhv dqg whfkqrorjlhv dv zhoo dv lqlwldo shu0fdslwd hqgrzphqwv duh lghqwlfdo dfurvv

frxqwulhv1 Iurp vhfwlrq 4< dqg rqzdugv L lqwurgxfh lpshuihfw fdslwdo prelolw| ehwzhhq

wkh frruglqdwlqj wd{ xqlrq dqg wkh uhvw ri wkh zruog dqg doorz sulydwh wdvwhv/ whfkqrorjlhv

dqg lqlwldo hqgrzphqwv wr gl�hu dfurvv frxqwulhv1 D frpsohwh olvw ri doo yduldeohv dqg

sdudphwhuv lv jlyhq lq wkh dsshqgl{1

Wkh uhsuhvhqwdwlyh frxqwu| wr eh ghvfulehg ehorz lv ghqrwhg e| vxevfulsw � zkhq0

hyhu qhhghg1 Krzhyhu/ wr dyrlg khdy| qrwdwlrq wklv vxevfulsw zloo eh gursshg zkhq qr

plvxqghuvwdqglqjv duh olnho| wr dulvh1

51 Wkh krxvhkrog vhfwru

Frqvxphuv lq wkh uhsuhvhqwdwlyh frxqwu| duh hqgrzhg zlwk suhghwhuplqhg lqlwldo ohyhov

ri kxpdq dqg qrq0kxpdq zhdowk1 E| dssursuldwh fkrlfh ri xqlwv zh fdq htxdwh wkh

h{rjhqrxv djjuhjdwh vwrfnv ri kxpdq dqg qrq0kxpdq zhdowk wr wkh h{rjhqrxv wrwdo vl}h

4Vhh Shwhu Elufk Vûuhqvhq= �Wkh Fdvh iru Lqwhuqdwlrqdo Wd{ Frruglqdwlrq Uhfrqvlghuhg�/ Hfrqrplf

Srolf| qr1 64/ Rfwrehu 5333/ dqg Shwhu Elufk Vûuhqvhq= �Lqwhuqdwlrqdo Wd{ Frruglqdwlrq= Uhjlrqdolvp

Yhuvxv Joredolvp�/ iruwkfrplqj LPI Zrunlqj Sdshu/ Lqwhuqdwlrqdo Prqhwdu| Ixqg/ Zdvklqjwrq G1F1
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ri wkh frxqwu|*v srsxodwlrq/ ghqrwhg e| � 1 Wkhvh frqyhqlhqw qrupdol}dwlrqv lpso| wkdw

wkh dyhudjh ohyhov ri wkh wzr w|shv ri zhdowk duh htxdo wr xqlw|1 Zh dvvxph wkdw frqvxphu

� rzqv d iudfwlrq w� ri wkh djjuhjdwh vwrfn ri kxpdq zhdowk dqg d vlplodu iudfwlrq w� ri

wkh wrwdo vwrfn ri qrq0kxpdq zhdowk1 Khqfh zh kdyh

Lqlwldo vwrfn ri kxpdq zhdowk khog e| lqglylgxdo �= w��

Lqlwldo vwrfn ri qrq0kxpdq zhdowk khog e| lqglylgxdo �= T� ' w��

f 	 w� 	 �c
�[
�'�

w� ' �

Wkh ohyho ri xwlolw| ri frqvxphu � lv jlyhq e| wkh dgglwlyh xwlolw| ixqfwlrq

L� '

xwlolw| iurp sulydwh
frqvxpswlrq}��~

�� �

glvxwlolw| iurp
zrun} �� ~

w�� �
��n0�

� n 0
n

xwlolw| iurp sxeolf
frqvxpswlrq} �� ~
�2
��

C�� +4,

0 : fc f 	 �� 	 �c �2 : f

zkhuh � lv sulydwh frqvxpswlrq/ � lv wkh qxpehu ri krxuv zrunhg/ dqg C lv sxeolf

frqvxpswlrq shu fdslwd +sxeolfo| surylghg sulydwh jrrgv,1 Qrwh wkdw wkh glvxwlolw| ri

zrun ydulhv lq sursruwlrq wr wkh frqvxphu*v vwrfn ri kxpdq fdslwdo w�� 1 Lq rwkhu zrugv/

d shuvrq*v rssruwxqlw| frvw ri wlph vxssolhg wr wkh oderxu pdunhw ydulhv srvlwlyho| zlwk

klv surgxfwlylw|1

Wkh frqvxphu hduqv lqfrph iurp oderxu dqg fdslwdo dqg uhfhlyhv sxuh sur�wv iurp

grphvwlf dqg iruhljq �upv1 Zh dvvxph wkdw d iudfwlrq B ri grphvwlf �upv lv rzqhg e|

iruhljq uhvlghqwv dqg wkdw frqvxphu � krogv d vkduh w� lq wkrvh grphvwlf �upv zklfk duh

rzqhg grphvwlfdoo|1 Li grphvwlf sur�wv shu fdslwd duh Z/ dqg li wkhvh sur�wv duh wd{hg

dw wkh udwh � / frqvxphu � wkxv uhfhlyhv d qhw sur�w ri E�� B� w��Z E�� �� iurp grphvwlf

vrxufhv1

Lq dgglwlrq/ frqvxphu � +lq frxqwu| �, hduqv sur�wv vwhpplqj iurp klv vkduhv lq

iruhljq �upv1 Wkh pdjqlwxgh ri wkhvh iruhljq0vrxufh sur�wv lv ghwhuplqhg dv iroorzv= d

iudfwlrq B ri sur�wv jhqhudwhg lq iruhljq frxqwu| 5 dffuxhv wr qrq0uhvlghqwv1 Wkh qxpehu

ri wkhvh qrq0uhvlghqwv lv htxdo wr �� ��5/ zkhuh �� lv wkh wrwdo zruog srsxodwlrq dqg
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�5 lv wkh srsxodwlrq ri frxqwu| 51 Zh dvvxph wkdw wkh flwl}hqv lq frxqwu| � uhfhlyh d

iudfwlrq ��* E�
� ��5� ri wkh sur�wv  rzlqj rxw ri frxqwu| 5/ fruuhvsrqglqj wr frxqwu|

�*v vkduh ri wkh wrwdo qxpehu ri qrq0uhvlghqwv uhfhlylqj sur�wv iurp frxqwu| 51 Ohw r&

ghqrwh frxqwu| &*v vkduh ri wkh wrwdo zruog srsxodwlrq ��1 Zh wkhq kdyh

�� � r��
�c �5 � r5�

�c
��

�� ��5

'
r�

�� r5
+5,

Ixuwkhupruh/ wkh iudfwlrq ri sur�wv iurp frxqwu| 5 dffuxlqj wr frqvxphu � lq frxqwu|

� lv w��/ lpso|lqj wkdw

Diwhu0wd{ sur�w iurp frxqwu| 5 uhfhlyhg e| frqvxphu � lq frxqwu| �

' w��B
�

r�
�� r5

�
r5�

�Z5 E�� � 5� ' w��Br��
�

�
r5

�� r5

�
Z5 E�� � 5�

Wrwdo diwhu0wd{ iruhljq0vrxufh sur�wv uhfhlyhg e| frqvxphu � lq frxqwu| �

' w��Br��
�
[
5 �'�

�
r5

�� r5

�
Z5 E�� � 5�

Dvvxplqj iru wkh prphqw wkdw wkh uhvlghqfh frxqwu| � grhv qrw ohy| dq| wd{ rq

iruhljq0vrxufh sur�wv/ uhphpehulqj wkdw r��
� ' ��/ dqg gursslqj wkh frxqwu| vxevfulsw

� iru frqyhqlhqfh/ zh pd| qrz zulwh wkh exgjhw frqvwudlqw iru frqvxphu � lq frxqwu| �

dv

�� '

diwhu0wd{
oderxu lqfrph} �� ~
�� E�� |��� n

diwhu0wd{
fdslwdo lqfrph}��~

4&r
�

n

lqlwldo hqgrzphqw qhw ri
lqvwdoodwlrq frvwv} �� ~

T� � S�

n w�� E�� B� E�� ��Z� ~} �
diwhu0wd{

grphvwlf0vrxufh sur�wv

n w��B
[
5 �'�

�
r5

�� r5

�
E�� � 5� Z5

� ~} �
diwhu0wd{ iruhljq0vrxufh sur�wv

n A�~}�
jryhuqphqw
wudqvihu

+6,

zkhuh �� lv wkh uhdo zdjh udwh hduqhg e| d shuvrq zlwk d vwrfn ri kxpdq fdslwdo w�� / | lv

wkh wd{ udwh rq oderxu lqfrph/ 4 lv wkh diwhu0wd{ uhdo lqwhuhvw udwh/ &r
�
lv wkh frqvxphu*v
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vxsso| ri uhdo fdslwdo/ S� duh wkh wudqvdfwlrqv frvwv ri wudqviruplqj wkh lqlwldo hqgrzphqw

T� lqwr uhdo fdslwdo/ dqg A lv d jryhuqphqw oxps0vxp wudqvihu sdlg rxw wr doo uhvlghqwv1

Lqvwhdg ri frqvxplqj doo ri klv lqlwldo hqgrzphqw ri qrq0kxpdq zhdowk T�/ wkh frq0

vxphu wkxv kdv wkh rswlrq wr wudqvirup +sduw ri, wklv hqgrzphqw lqwr uhdo fdslwdo hduq0

lqj dq diwhu0wd{ uhwxuq 41 Krzhyhu/ e| xvlqj wklv urxqgderxw phwkrg ri wudqviruplqj

klv zhdowk lqwr frqvxpswlrq/ wkh frqvxphu zloo lqfxu wudqvdfwlrqv frvwv zklfk pd| eh

wkrxjkw ri dv wkh frvwv ri �qdqfldo lqwhuphgldwlrq1 Zh dvvxph wkdw wkhvh wudqvdfwlrq

frvwv ydu| srvlwlyho| zlwk wkh udwh ri lqyhvwphqw &r*T dqg sursruwlrqdwho| zlwk wkh ohyho

ri zhdowk=

S� '
�

)n �

#
&r
�

T�

$)n�

� T�c ) : f +7,

Wkh frqvxphu*v sureohp lv wr pd{lpl}h wkh xwlolw| ixqfwlrq +4, zlwk uhvshfw wr �� dqg

&r
�
/ vxemhfw wr wkh frqvwudlqwv +6, dqg +7,1 Wkh �uvw0rughu frqglwlrqv iru wkh vroxwlrq wr

wklv sureohp lpso| wkdw

�� '

%
�� E�� |�

w��

&�*0
+8,

&r
�
' 4�*) � T� +9,

Wkh lpsolfdwlrqv ri +8, dqg +9, iru djjuhjdwh idfwru vxssolhv zloo eh vshoohg rxw lq

vhfwlrq 71

61 Wkh exvlqhvv vhfwru

Wkh exvlqhvv vhfwru lq frxqwu| � lv ghvfulehg e| d uhsuhvhqwdwlyh frpshwlwlyh �up sur0

gxflqj rxwsxw t e| phdqv ri d Free0Grxjodv surgxfwlrq ixqfwlrq1 Wkh yduldeohv lq wkh

surgxfwlrq ixqfwlrq duh wkh djjuhjdwh fdslwdo vwrfn g/ djjuhjdwh h�hfwlyh oderxu lqsxwS
� w����/ dqg d �{hg idfwru zklfk pd| eh wkrxjkw ri dv odqg1 L dvvxph dq lghqwlfdo srs0

xodwlrq ghqvlw| dfurvv frxqwulhv vr wkdw hdfk frxqwu|*v vxsso| ri odqg lv sursruwlrqdo wr

lwv srsxodwlrq vl}h1 Wklv hqvxuhv wkdw frxqwulhv zlwk vpdoo srsxodwlrqv kdyh qr lqkhuhqw

surgxfwlylw| dgydqwdjh ryhu odujh frxqwulhv/ ru ylfh yhuvd1 Zlwk d �{hg sursruwlrqdolw|
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idfwru K/ wkh lqglylgxdo frxqwu|*v vxsso| ri odqg lv wkxv jlyhq e| K� 1 Dvvxplqj frqvwdqw

uhwxuqv wr vfdoh lq wkh wkuhh idfwruv/ dqg ghqrwlqj wrwdo idfwru surgxfwlylw| e| �/ zh wkhq

kdyh

t ' �gq

#
�[
�'�

w����

$k

EK���3k3q c f 	 q 	 �c f 	 k 	 �c f 	 kn q 	 �

+:,

Qrwlqj wkdw wkh dyhudjh h�hfwlyh oderxu lqsxw shu zrunhu lv E�*��
S

w���� '
S

w���/

dqg gh�qlqj fdslwdo lqwhqvlw| dv & � g*� / zh pd| uhzulwh +:, dv

t ' h��&q
#

�[
�'�

w���

$k

c h� � �K�3k3q +;,

Gxh wr dgplqlvwudwlyh sureohpv ri glvwlqjxlvklqj sxuh uhqwv iurp wkh qrupdo uhwxuq wr

fdslwdo/ zh dvvxph wkdw lqwhuhvw lqfrph lv wd{hg dw wkh vdph udwh � dv sxuh sur�wv1 Vlqfh

4 lv wkh diwhu0wd{ lqwhuhvw udwh/ wkh suh0wd{ lqwhuhvw udwh lv htxdo wr 4* E�� ��1 Qrupdol}lqj

wkh rxwsxw sulfh dw xqlw|/ ghqrwlqj djjuhjdwh uhdo suh0wd{ sur�wv e| �/ dqg xvlqj +;,/ zh

�qg wkdw wkh diwhu0wd{ sur�wv dffuxlqj wr wkh rzqhuv ri �upv pd| eh zulwwhq dv

E�� �� � ' E�� ��

5
9997t �

wrwdo frvw ri fdslwdo} �� ~�
4

�� �

�
g �

zdjh eloo} �� ~[
�

����

6
:::8

' E�� ��

% h��&q
#[

�

w���

$k

�
�

4

�� �

�
�& �

[
�

����

&
+<,

Wkh �up pd{lpl}hv wkhvh sur�wv z1u1w1 & dqg ��/ |lhoglqj wkh �uvw0rughu frqglwlrqv

q h�&q3�
#[

�

w���

$k

'
4

�� �
+43,

kw�� h�&q
#[

�

w���

$k3�

' ��c � ' �c 2c ������� +44,

Iurp +44, zh jhw

[
�

���� ' k h��&q
#[

�

w���

$k

+45,

:



Zh pd| qrz gh�qh wkh dyhudjh uhwxuq wr kxpdq fdslwdo � dv wkh wrwdo zdjh eloo

glylghg e| wrwdo h�hfwlyh oderxu lqsxw=

� �

S
����S
w����

' k h�&q
#[

�

w���

$k3�

+46,

Htxdwlrqv +44, dqg +46, wkhq lpso| wkdw wkh zdjh udwh iru frqvxphu � lv htxdo wr

�� ' �w�� +47,

71 Oderxu vxsso| dqg ghpdqg

Kdylqj ghvfulehg wkh krxvhkrog dqg exvlqhvv vhfwruv/ zh duh qrz deoh wr ghulyh wkh

htxloleulxp ohyho ri hpsor|phqw lq frxqwu| � dv d ixqfwlrq ri wkh �vfdo srolf| sdudphwhuv

fkrvhq e| wkh jryhuqphqw1 Lqvhuwlqj +47, lqwr +8,/ zh vwduw e| qrwlqj wkdw doo lqglylgxdov

lq dq| jlyhq frxqwu| zloo vxsso| wkh vdph qxpehu ri zrunlqj krxuv=

�� ' � ' d� E�� |�o�*0 ; � +48,

Dffruglqj wr +48, wkh qhw zdjh hodvwlflw| ri oderxu vxsso| lv jlyhq e| wkh lqyhuvh ri

wkh hodvwlflw| ri wkh pdujlqdo glvxwlolw| ri zrun/ �*0=

Y�

Y E� E�� |��

� E�� |�

�
'

�

0
+49,

Vlqfh
S

w� ' � lw dovr iroorzv iurp +48, wkdw wrwdo h�hfwlyh oderxu vxsso| shu zrunhu

lv htxdo wr

[
�

w��� ' �
[
�

w� ' � +4:,

zklfk pd| eh lqvhuwhg lqwr +46, wr jlyh

h�&q '
�

k
��3k +4;,

;



Vxevwlwxwlrq ri +4:, dqg +4;, lqwr +43, |lhogv

& '

#
�� �

4

$#
q

k

$
�� +4<,

dqg +48, lpsolhv

� '
�0

�� |
+53,

Iurp +4<, dqg +53, zh jhw

& '

#
q

k4

$�
�� �

�� |

�
��n0 +54,

Rxu qh{w vwhs lv wr vxevwlwxwh +4:,/ +53, dqg +54, lqwr +46, wr �qg

k h�
#

q

k4

$q �
�� �

�� |

�q
�qE�n0��k3� '

�
�

�� |

�
�0 +55,

Zh qrz dvvxph wkdw dgmxvwhg wrwdo idfwru surgxfwlylw| h� lv dq lqfuhdvlqj ixqfwlrq ri

wkh dprxqw ri surgxfwlyh jryhuqphqw vshqglqj shu fdslwd/ ghqrwhg e| '=

h� ' '>�c f 	 >� 	 � +56,

Lqvhuwlqj wklv lqwr +55, dqg uhduudqjlqj/ zh rewdlq wkh vroxwlrq iru wkh htxloleulxp

ohyho ri zrunlqj krxuv lq frxqwu| �=

� E4c � c |c '� '

;?
='>�

#
q E�� ��

4

$q

dk E�� |�o�3q

<@
>
#

+57,

# � �* d�� k� q n 0 E�� q�o : f

Iru sxusrvhv ri odwhu dqdo|vlv/ zh qrwh wkdw wkh ghulydwlyhv ri wklv hpsor|phqw ixqfwlrq

duh

�4 �
Y�

Y4
' �q#

#
�

4

$
	 f +58,

<



�� �
Y�

Y�
' �q#

#
�

�� �

$
	 f +59,

�| �
Y�

Y|
' � E�� q� #

#
�

�� |

$
	 f +5:,

�' �
Y�

Y'
' >�#

#
�

'

$
: f +5;,

81 Fdslwdo vxsso| dqg ghpdqg

Dffruglqj wr +54, frxqwu| �*v ghpdqg iru fdslwdo shu zrunhu +fdslwdo lqwhqvlw|, lv

& �
g

�
'

#
q

k4

$�
�� �

�� |

�
��n0 +5<,

Lqvhuwlqj +57, lqwr +5<, dqg froohfwlqj whupv/ zh jhw
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' >�# E� n 0�
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$
: f +67,

Iurp +63, dqg wkh gh�qlwlrq ri # jlyhq lq +57, lw iroorzv wkdw wkh hodvwlflw| ri fdslwdo

ghpdqg zlwk uhvshfw wr wkh suh0wd{ uhdo lqwhuhvw udwh 4* E�� �� lv jlyhq e|
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$
	 f +68,

Wr �qg lqglylgxdo �*v vxsso| ri fdslwdo zh lqvhuw rxu dvvxpswlrq T� ' w�� lqwr +9, wr

jhw

&r
�
' 4�*) � w�� +69,

Vlqfh
S

w� ' �/ zh wkxv �qg frxqwu| �*v wrwdo vxsso| ri fdslwdo wr eh

gr �
�[
�'�

&r
�
' 4�*) �� +6:,

Dffruglqj wr +6:, wkh hodvwlflw| ri fdslwdo vxsso| zlwk uhvshfw wr wkh diwhu0wd{ uhdo lqwhuhvw

udwh lv

Ygr

Y4

4

gr
'

�

)
: f +6;,

91 Sur�wv

Xvlqj +<,/ +43,/ +45, dqg +4:,/ zh pd| zulwh sur�wv shu fdslwd lq frxqwu| � dv

Z �
�

�
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�
E�� k� q� h�&q�k +6<,

Vxevwlwxwlqj +56,/ +57, dqg +63, lqwr +6<, dqg froohfwlqj whupv/ zh rewdlq
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Wkh ghulydwlyhv ri wklv sur�w ixqfwlrq duh

Z4 �
YZ

Y4
' �#q E� n 0�

#
Z

4

$
	 f +74,

Z� �
YZ

Y�
' �#q E� n 0�

�
Z

�� �

�
	 f +75,

44



Z| �
YZ

Y|
' �#k

�
Z

�� |

�
	 f +76,

Z' �
YZ

Y'
' #>� E� n 0�
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: f +77,

:1 Wkh jryhuqphqw exgjhw frqvwudlqw

Dsduw iurp hduqlqj idfwru lqfrph/ hdfk frqvxphu dovr uhfhlyhv d jryhuqphqw oxps0vxp

wudqvihu A +zklfk lv lghqwlfdo iru doo frqvxphuv,1 Wklv wudqvihu lv jlyhq e| wkh iroorzlqj

jryhuqphqw exgjhw frqvwudlqw zkhuh doo pdjqlwxghv duh phdvxuhg rq d shu0fdslwd edvlv=

A '

oderxu wd{
uhyhqxh}��~
|�� n

fdslwdo lqfrph
wd{ uhyhqxh} �� ~

�
�

4

�� �

�
&n

sur�wv
wd{ uhyhqxh}��~

�Z �

vshqglqj rq
lqiudvwuxfwxuh}��~

' �

vshqglqj rq
sxeolf jrrgv}��~

C +78,

Iurp +53, zh kdyh
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�
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��n0

vr wkh jryhuqphqw exgjhw frqvwudlqw +78, pd| eh zulwwhq dv
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4& E4c � c |c'� n �Z E4c �c |c '��'�C +79,

;1 Lqwhuqdwlrqdo fdslwdo pdunhw htxloleulxp

Dv qrwhg hduolhu/ fdslwdo lv shuihfwo| preloh dfurvv erughuv1 Dq lqwhuqdwlrqdo fdslwdo pdu0

nhw htxloleulxp lv dfklhyhg zkhq djjuhjdwh zruog ghpdqg iru fdslwdo htxdov wkh djjuhjdwh

vxsso| ri fdslwdo iurp doo frxqwulhv1 Li wkhuh duh ? frxqwulhv lq wkh zruog/ zh wkxv kdyh

wkh fdslwdo pdunhw htxloleulxp frqglwlrq

zruog ghpdqg
iru fdslwdo} �� ~
?[

�'�

r��
�&� '

zruog vxsso|
ri fdslwdo} �� ~
?[

�'�

gr

�
+7:,
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Lq wkh devhqfh ri lqwhuqdwlrqdo frrshudwlrq dqg h{fkdqjh ri lqirupdwlrq/ zh dvvxph

wkdw dgplqlvwudwlyh sureohpv suhyhqw qdwlrqdo jryhuqphqwv iurp wd{lqj iruhljq vrxufh

lqfrph1 Fdslwdo lqfrph wd{dwlrq lv wkhuhiruh edvhg rq wkh vrxufh sulqflsoh/ lpso|lqj wkdw

hdfk qdwlrqdo jryhuqphqw rqo| wd{hv fdslwdo lqfrph jhqhudwhg zlwklq lwv rzq mxulvglfwlrq1

Zlwk shuihfw fdslwdo prelolw| htxloleulxp uhtxluhv wkdw wkh vxssolhuv ri fdslwdo rewdlq

wkh vdph diwhu0wd{ udwh ri uhwxuq 4 lq doo frxqwulhv1 Rq wkh rwkhu kdqg/ wkh vl}h ri wkh

srsxodwlrq � dqg wkh ydoxhv ri wkh jryhuqphqw srolf| lqvwuxphqwv � c | dqg ' pd| ydu|

dfurvv frxqwulhv1 Xvlqj +6:, dqg wkh idfwv wkdw �� � r��
� dqg

S
r� ' �/ zh pd| wkhq

zulwh +7:, dv

joredo fdslwdo ghpdqg
shu fdslwd} �� ~

?[
�'�

r�&� E4c � �c |�c'���

joredo fdslwdo vxsso|
shu fdslwd}��~
4�*) ' f +7;,

Iru jlyhq ydoxhv ri wkh srolf| lqvwuxphqwv � �/ |� dqg '� lq doo frxqwulhv/ wklv htxdwlrq

ghwhuplqhv wkh frpprq joredo diwhu0wd{ udwh ri uhwxuq 4 zklfk zloo hqvxuh htxloleulxp lq

wkh zruog fdslwdo pdunhw1

Wr lqyhvwljdwh krz wkh joredo diwhu0wd{ udwh ri uhwxuq lv d�hfwhg e| fkdqjhv lq �vfdo

srolf| lq d vlqjoh frxqwu| �/ zh pd| gl�huhqwldwh +7;, wr jhw
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r�&4�
: f +84,

Qrwh wkdw wkhvh qdwlrqdo srolf| h�hfwv rq wkh lqwhuqdwlrqdo udwh ri uhwxuq whqg wr

ydqlvk lq d vpdoo frxqwu| zkrvh vkduh r� ri wkh zruog srsxodwlrq whqgv wr }hur1

<1 Wkh lqgluhfw xwlolw| ixqfwlrq

Wr hydoxdwh wkh zhoiduh h�hfwv ri jryhuqphqw srolflhv/ zh qhhg wr ghulyh wkh frqvxphu*v

lqgluhfw xwlolw| ixqfwlrq1 Zh vwduw e| qrwlqj iurp +47,/ +48, dqg +53, wkdw frqvxphu �*v
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diwhu0wd{ oderxu lqfrph qhw ri klv glvxwlolw| ri zrun +wkh frqvxphu vxusoxv iurp zrun,

pd| eh zulwwhq dv

�� E�� |��� � w��
��n0�

� n 0
' w��

�
0

� n 0

�
��n0 +85,

Qh{w zh qrwh iurp +7,/ +9, dqg wkh qrupdol}dwlrq T� ' w�� wkdw wkh frqvxphu*v lqlwldo

hqgrzphqw ri qrq0kxpdq zhdowk xowlpdwho| surylghv klp zlwk wkh iroorzlqj uhvrxufhv

dydlodeoh iru frqvxpswlrq dw wkh hqg ri wkh shulrg=

T� n 4&r
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� S� '

%
� n

#
)

)n �

$
4
)n�

)

&
w�� +86,

Vxevwlwxwlqj +85,/ +86, dqg +6, lqwr wkh gluhfw xwlolw| ixqfwlrq +4,/ zh jhw wkh lqgluhfw

xwlolw| ri frqvxphu � lq frxqwu| � +djdlq/ zh duh vxssuhvvlqj wkh vxevfulsw �,/

L� ' w��
�

0

� n 0
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��n0 n A n
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=� n )4

)n�

)

)n �
n E�� B� E�� ��Z n B
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�
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�� r5

�
E�� � 5� Z5

<@
> +87,

zkhuh zh uhphpehu wkdw � dqg Z duh ixqfwlrqv ri 4/ � �/ |� dqg'�/ dqg wkdw Z5 lv d ixqfwlrq

ri 4/ � 5/ |5 dqg '51 Dv zh kdyh vhhq lq wkh suhylrxv vhfwlrq/ 4 lv lwvhoi d ixqfwlrq ri wkh

�vfdo srolf| sdudphwhuv fkrvhq e| wkh jryhuqphqwv ri doo wkh 6 frxqwulhv1 Htxdwlrq +87,

wkxv hqdeohv xv wr fdofxodwh lqglylgxdo zhoiduh dv d ixqfwlrq ri wkh �vfdo srolflhv dgrswhg

wkurxjkrxw wkh zruog hfrqrp|1

431 Vrfldo zhoiduh

Wkh suhfhglqj vhfwlrqv kdyh ghvfulehg wkh ehkdylrxu ri wkh sulydwh vhfwru frqglwlrqdo

xsrq d jlyhq vhw ri jryhuqphqw srolflhv1 Zh zloo qrz vshfli| rxu dvvxpswlrqv uhjduglqj

wkh irupdwlrq ri wkhvh srolflhv1 Zh dvvxph wkdw wkh jryhuqphqw lq wkh uhsuhvhqwdwlyh

frxqwu| � lv frqfhuqhg derxw wkh dyhudjh ohyho ri lqglylgxdo zhoiduh L dqg derxw wkh

glvshuvlrq ri lqglylgxdo xwlolwlhv durxqg wklv phdq/ dv uh hfwhg lq wkh iroorzlqj vrfldo

zhoiduh ixqfwlrq/
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zkhuh wkh vtxduh urrw phdvxuhv wkh ghjuhh ri lqhtxdolw| e| wkh vwdqgdug ghyldwlrq ri

lqglylgxdo xwlolwlhv/ dqg zkhuh wkh sdudphwhu @ lqglfdwhv wkh ghjuhh ri jryhuqphqw dyhu0

vlrq wr lqhtxdolw|1 Wkh vshfldo fdvh ri @ ' f fruuhvsrqgv wr fodvvlfdo xwlolwduldqlvp zkhuh

wkh srolf| pdnhu vlpso| vwulyhv wr pd{lpl}h wkh vxp ri lqglylgxdo xwlolwlhv +zklfk lv

htxlydohqw wr pd{lpl}lqj dyhudjh xwlolw| zkhq srsxodwlrq vl}h lv h{rjhqrxvo| jlyhq,1

Dffruglqj wr +87, wkh dyhudjh ohyho ri xwlolw| lv
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zkhuh zh kdyh xwlol}hg wkh idfw wkdw
S

w� ' �1 Lqvhuwlqj +87, dqg +89, lqwr +88,/ zh pd|

zulwh vrfldo zhoiduh dv

7` ' A n
�2
��

C��

nE�� @b�

5
7� 0

� n 0

�
��n0 n � n

)4
)n�

)

)n �
n E�� B� E�� �� Z n B

[
5 �'�

�
r5

�� r5

�
E�� � 5� Z5

6
8

+8:,

b �
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zkhuh b lv wkh vwdqgdug ghyldwlrq ri lqglylgxdo zhdowk ohyhov durxqg wkh phdq ydoxh ri

xqlw|/ uh hfwlqj wkh ghjuhh ri lqhtxdolw| ri wkh lqlwldo glvwulexwlrq ri zhdowk1 Zh zloo

dvvxph ehorz wkdw

@b 	 � +8;,

Wklv frqglwlrq hqvxuhv wkdw/ iru d jlyhq ohyho ri sxeolf frqvxpswlrq dqg wudqvihuv/ dq

lqfuhdvh lq sulydwh glvsrvdeoh lqfrphv dozd|v lqfuhdvhv vrfldo zhoiduh1
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Frpsdulqj +8:, wr +87,/ zh vhh wkdw vrfldo zhoiduh frlqflghv zlwk wkh lqglylgxdo zhoiduh

ri wkh frqvxphu zlwk dq lqlwldo zhdowk hqgrzphqw w�� ' �� @b1 Pd{lpl}lqj +8:, z1u1w1

wr wkh �vfdo srolf| lqvwuxphqwv iru gl�huhqw ydoxhv ri @b wkxv fruuhvsrqgv wr doorzlqj

frqvxphuv zlwk gl�huhqw hqgrzphqwv w� wr fkrrvh wkhlu suhihuuhg srolflhv1 Li frqvxphu

suhihuhqfhv duh vlqjoh0shdnhg lq �vfdo srolf| sdfndjhv +zklfk fdq eh vkrzq wr eh wkh

fdvh e| vlpxodwlqj wkh prgho, dqg �vfdo srolflhv duh ghflghg e| vlpsoh pdmrulw| yrwlqj/

wkh uhohydqw jryhuqphqw remhfwlyh ixqfwlrq lv vlpso| wkh phgldq yrwhu*v lqgluhfw xwlolw|

ixqfwlrq zklfk lv rewdlqhg e| vhwwlqj � � @b htxdo wr wkh phgldq ydoxh ri w�� lq +8:,1

Zkhq wkh zhdowk glvwulexwlrq lv xqhtxdo/ wkh phgldq ohyho ri zhdowk w6
�
� zloo eh ohvv

wkdq wkh phdq zhdowk ohyho ri xqlw|1 Wklv lv frqvlvwhqw zlwk wkh uhtxluhphqw lq +8;, wkdw

f 	 �� @b 	 �1

441 Ilvfdo srolflhv xqghu wd{ frpshwlwlrq

Lq wkh devhqfh ri lqwhuqdwlrqdo �vfdo frruglqdwlrq/ hdfk qdwlrqdo jryhuqphqw fkrrvhv lwv

�vfdo srolf| lqvwuxphqwv vr dv wr pd{lpl}h qdwlrqdo vrfldo zhoiduh/ wdnlqj wkh srolflhv

ri rwkhu frxqwulhv dv jlyhq/ dqg dffrxqwlqj iru wkh jryhuqphqw exgjhw frqvwudlqw +79,1

Xvlqj +79, wr holplqdwh A iurp +8:,/ dqg gh�qlqj

e@� � @�b� +8<,

zh �qg wkdw vrfldo zhoiduh lq frxqwu| � lv jlyhq e|
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Frxqwu| �*v suhihuuhg srolf| lv irxqg e| pd{lpl}lqj +93, z1u1w1 � �/ |�/ '� dqg C�/

dffrxqwlqj iru wkh h�hfwv ri � �/ |� dqg '� rq wkh htxloleulxp udwh ri uhwxuq 4 zklfk zhuh

ghulyhg lq +7<, wkurxjk +84,1 Wkh �uvw0rughu frqglwlrqv iru wkh vroxwlrq wr wklv �vfdo

srolf| sureohp duh
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zkhuh
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Wkh ghulydwlyhv ri 4 z1u1w1 '/ | dqg � dsshdu lq wkh srolf| uxohv +95,/ +96, dqg +97,/

uhvshfwlyho|/ ehfdxvh wkh jryhuqphqw ri frxqwu| � pxvw dffrxqw iru wkh idfw wkdw lwv

dfwlrqv lq xhqfh wkh zruog udwh ri uhwxuq1 Krzhyhu/ lw lv fohdu iurp +7<, wkurxjk +84,

wkdw wkhvh h�hfwv rq 4 zloo eh forvh wr }hur lq d vpdoo frxqwu| zkrvh vkduh r� ri wkh

zruog srsxodwlrq lv qhjoljleoh1 Lq wklv fdvh lw pd| eh uhdvrqdeoh iru wkh jryhuqphqw wr

wdnh 4 dv h{rjhqrxvo| jlyhq/ dw ohdvw dv d �uvw dssur{lpdwlrq1 Ehorz zh vkdoo prgho wklv

vpdoo0frxqwu| fdvh e| pxowlso|lqj wkh ghulydwlyhv 4'�/ 4|� dqg 4�� e| d gxpp| yduldeoh

( zklfk lv vhw htxdo wr }hur zkhq lqglylgxdo frxqwulhv duh yhu| vpdoo/ dqg zklfk lv htxdo

wr rqh zkhq frxqwulhv duh vr odujh wkdw wkh| �qg lw qhfhvvdu| wr dffrxqw iru wkhlu lpsdfw

rq wkh zruog lqwhuhvw udwh1

451 Vxppdul}lqj wkh prgho zlwk wd{ frpshwlwlrq

Lqvhuwlqj wkh ghulydwlyhv +58, wkurxjk +5;,/ +64, wkurxjk +67, dqg +74, wkurxjk +77, lqwr

htxdwlrqv +94, wkurxjk +98, zkhuhhyhu dssursuldwh/ dqg xvlqj wkh idfw wkdw
S

r�&� ' 4�*)

dffruglqj wr +7;,/ zh pd| qrz vxppdul}h wkh prgho zlwk wd{ frpshwlwlrq lq wkh iroorzlqj

zd| +uhfdoo wkdw ( lv d gxpp| yduldeoh/ zlwk ( ' f uhsuhvhqwlqj d vpdoo frxqwu|/ dqg

( ' � lqglfdwlqj d odujh frxqwu|,=
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Udwlr ri sxeolf frqvxpswlrq wr JGS=
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Udwlr ri lqiudvwuxfwxuh vshqglqj wr JGS=
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Hqgrjhqrxv yduldeohv

�� +? yduldeohv,

&� +? yduldeohv,

Z� +? yduldeohv,

C� +? yduldeohv,

'� +? yduldeohv,

|� +? yduldeohv,

� � +? yduldeohv,

+� +? yduldeohv,

-� +? yduldeohv,

}� +? yduldeohv,

^� +? yduldeohv,

{� +? yduldeohv,

4

#
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k
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Wkh prgho +99, wkurxjk +:<, frqvwlwxwhv ?��2n2 htxdwlrqv ghwhuplqlqj wkh ?��2n2

hqgrjhqrxv yduldeohv/ zkhuh ? lv wkh qxpehu ri frxqwulhv lq wkh zruog1 Iru vlpsolflw|/ zh

dvvxph wkdw wkh sdudphwhuv ri wkh surgxfwlrq ixqfwlrq dv zhoo dv wkh sdudphwhuv 0 dqg

B duh lghqwlfdo dfurvv frxqwulhv/ dowkrxjk wkh ydoxhv ri wkhvh sdudphwhuv frxog hdvlo| eh

pdgh frxqwu|0vshfl�f1

Lq wkh vshfldo fdvh zkhuh doo frxqwulhv duh lghqwlfdo lq doo uhvshfwv/ zh pd| gurs wkh

�0vxevfulswv iurp doo ri wkh htxdwlrqv dqg sdudphwhuv deryh dqg vhw r� ' �*?1 Wkh

prgho wkhq uhgxfhv wr 47 htxdwlrqv lq 47 xqnqrzqv/ dqg wkh fdslwdo pdunhw htxloleulxp

frqglwlrq +:8, vlpsol�hv wr

Fdslwdo pdunhw htxloleulxp zlwk v|pphwulf frxqwulhv=

& ' 4�*) +;3,

461 Ixoo wd{ frruglqdwlrq dprqj v|pphwulf frxqwulhv +wkh forvhg

hfrqrp|,

Li doo frxqwulhv zhuh lghqwlfdo dqg frruglqdwhg doo ri wkhlu �vfdo srolflhv/ wkh| zrxog dfw olnh

d vlqjoh zruog jryhuqphqw pd{lpl}lqj vrfldo zhoiduh iru wkh zruog hfrqrp| dv d zkroh1

Wklv fdvh fdq eh dqdo|}hg e| frqvlghulqj wkh forvhg0hfrqrp| yhuvlrq ri wkh prgho +99,

wkurxjk +:<, zklfk lv rewdlqhg e| vhwwlqj

? ' � +;4,
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r� ' �*? ' � +;5,

B ' f +;6,

471 Uhvlghqfh0edvhg wd{dwlrq lq doo frxqwulhv

Wkh wd{ frpshwlwlrq prgho vxppdul}hg lq vhfwlrq 45 dvvxphv wkdw fdslwdo lqfrph wd{0

dwlrq lv edvhg rq wkh vrxufh sulqflsoh/ ehfdxvh qdwlrqdo jryhuqphqwv fdqqrw h�hfwlyho|

prqlwru dqg wd{ iruhljq vrxufh fdslwdo lqfrph dqg sur�w lqfrph1 Rqh w|sh ri lqwhuqd0

wlrqdo wd{ frruglqdwlrq frxog wdnh wkh irup ri dq lqwhuqdwlrqdo h{fkdqjh ri lqirupdwlrq

hqdeolqj jryhuqphqwv wr lpsrvh grphvwlf wd{ rq iruhljq vrxufh lqfrph1 Wklv vhfwlrq

ghvfulehv wkh qhfhvvdu| fkdqjhv wr wkh WD[FRP prgho li doo frxqwulhv lq wkh zruog duh

deoh wr wd{ wkh zruogzlgh lqfrph ri wkhlu uhvlghqwv/ dqg li vrxufh frxqwulhv lpsrvh qr

wd{ rq grphvwlf0vrxufh lqfrph dffuxlqj wr iruhljq uhvlghqwv1

Zlwk vxfk d frqvlvwhqw dssolfdwlrq ri wkh uhvlghqfh sulqflsoh/ shuihfw fdslwdo prelolw|

zloo hqvxuh d furvv0frxqwu| htxdol}dwlrq ri suh0wd{ lqwhuhvw udwhv dw wkh frpprq joredo

ohyho o/ vlqfh hdfk lqglylgxdo lqyhvwru zloo eh wd{hg dw wkh vdph udwh rq klv iruhljq0vrxufh

dqg rq klv grphvwlf0vrxufh lqwhuhvw lqfrph1 Lw zloo wkhq eh frqyhqlhqw wr lqfoxgh wkh

suh0wd{ lqwhuhvw udwh o ' 4* E�� �� h{solflwo| lq wkh prgho udwkhu wkdq zrunlqj zlwk wkh

diwhu0wd{ lqwhuhvw udwh 41 Dffruglqj wr +57, hpsor|phqw lq frxqwu| � pd| wkxv eh zulwwhq
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Xqghu d sxuh uhvlghqfh sulqflsoh ri wd{dwlrq/ wkh jryhuqphqw exgjhw frqvwudlqw eh0
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E| dqdorj| wr wkh prgho zlwk vrxufh0edvhg wd{dwlrq vxppdul}hg lq vhfwlrq 45/ zh

pd| pxowlso| wkh ghulydwlyhv o'�/ o|� dqg o�� e| d gxpp| yduldeoh ( zklfk lv vhw htxdo

wr }hur lq wkh fdvh ri d vpdoo frxqwu| shufhlylqj wkh zruog lqwhuhvw udwh wr eh h{rjhqrxvo|

jlyhq1 Wklv gxpp| zloo eh lqfoxghg ehorz1
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481 Vxppdul}lqj wkh prgho zlwk uhvlghqfh0edvhg wd{dwlrq lq doo

frxqwulhv
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Fdslwdo pdunhw htxloleulxp +ghulyhg iurp +<9, dqg +<<,,=
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q
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r
' f +453,

Lq dgglwlrq wr wkhvh htxdwlrqv/ wkh prgho dovr lqfoxghv wkh gh�qlwlrqv vwdwhg lq +:9,

wkurxjk +:<,1

491 Uhjlrqdo wd{ frruglqdwlrq= d plqlpxp fdslwdo lqfrph wd{

udwh lq d vxevhw ri frxqwulhv

Zh qrz frqvlghu wkh fdvh zkhuh lqwhuqdwlrqdo wd{ frruglqdwlrq lqyroyhv rqo| d vxevhw

� ri doo wkh ? frxqwulhv lq wkh zruog1 Zh zloo uhihu wr wkhvh � frruglqdwlqj frxqwulhv

dv wkh �xqlrq�/ dqg zh zloo dvvxph wkdw wd{ frruglqdwlrq dprqj wkh � xqlrq frxqwulhv

wdnhv wkh irup ri d elqglqj plqlpxp fdslwdo lqfrph dqg sur�wv wd{ udwh ��/ ohylhg

dffruglqj wr wkh vrxufh sulqflsoh1 Wklv kduprql}hg xqlrq0zlgh fdslwdo lqfrph wd{ udwh lv

vhw e| d vxsud0qdwlrqdo xqlrq dxwkrulw| zlwk wkh sxusrvh ri pd{lpl}lqj xqlrq0zlgh vrfldo

zhoiduh/ wdnlqj wkh �vfdo lqvwuxphqwv fkrvhq e| jryhuqphqwv rxwvlgh wkh xqlrq dv jlyhq/

exw dffrxqwlqj iru wkh idfw wkdw xqlrq phpehu vwdwhv zloo uhdfw wr wkh kduprql}dwlrq

ri �� e| vxevhtxhqwo| dgmxvwlqj wkhlu srolf| lqvwuxphqwv | dqg ' wr wkh ohyhov zklfk

pd{lpl}h wkhlu qdwlrqdo zhoiduh1 Lq uhodwlrq wr xqlrq jryhuqphqwv wkh vxsud0qdwlrqdo

xqlrq dxwkrulw| wkxv dfwv dv d Vwdfnhoehuj ohdghu lq wkh �vfdo srolf| jdph/ zlwk xqlrq

phpehu vwdwhv sod|lqj wkh uroh ri iroorzhuv1 Dw wkh vdph wlph wkh xqlrq dxwkrulw| sod|v

d Qdvk jdph zlwk wkh uhvw ri wkh zruog1

Wkh xqlrq0zlgh vrfldo zhoiduh 7`� lv d zhljkwhg dyhudjh ri wkh vrfldo zhoiduh ri hdfk

phpehu vwdwh/ zkhuh wkh zhljkw er� ri xqlrq frxqwu| � htxdov lwv vkduh ri wrwdo xqlrq

srsxodwlrq=

er� � r�S
�

5'� r5
+454,

Wkh vrfldo zhoiduh ri xqlrq phpehu vwdwh � lv jlyhq e| +93,/ exw zh qrz doorz iru

wkh idfw wkdw doo ri wkh � xqlrq frxqwulhv kdyh wkh vdph fdslwdo lqfrph wd{ udwh ��1 Dw
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wkh vdph wlph zh doorz iru wkh srvvlelolw| wkdw iruhljq rzqhuvkls vkduhv pd| gl�hu dfurvv

frxqwulhv/ zlwk B� ghqrwlqj wkh iruhljq rzqhuvkls vkduh lq frxqwu| �1 Khqfh wkh vrfldo

zhoiduh ri wkh xqlrq pd| eh zulwwhq dv
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6
8 j +455,

Zkhq wkh xqlrq dxwkrulw| vhwv ��c lw doorzv iru lwv lpsdfw rq wkh qhw zruog lqwhuhvw

udwh 4/ iru hyhq li hdfk xqlrq phpehu vwdwh pd| eh vpdoo/ wkh xqlrq dv d zkroh pd|

kdyh d qrq0qhjoljleoh zhljkw lq wkh zruog hfrqrp|1 Wkh xqlrq dxwkrulw| dovr dffrxqwv

iru wkh idfw wkdw phpehu vwdwhv zloo rswlpdoo| dgmxvw wkhlu �vfdo lqvwuxphqwv '� dqg

|� lq uhvsrqvh wr d fkdqjh lq ��1 Krzhyhu/ dw wkh rswlpxp hdfk phpehu vwdwh ixo�oov

wkh qdwlrqdo rswlpxp frqglwlrqv Y7`�*Y'� ' Y7`�*Y|� ' f/ vr wkhvh dgmxvwphqwv ri

'� dqg |� zloo kdyh qr lpsdfw rq xqlrq vrfldo zhoiduh 7`� '
S er�7`� +wklv lv mxvw

dq dssolfdwlrq ri wkh hqyhorsh wkhruhp,1 Khqfh wkh �uvw0rughu frqglwlrq iru wkh xqlrq

dxwkrulw|*v rswlpdo fkrlfh ri �� lv vlpso| wkdw
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Froohfwlqj doo wkh whupv lqyroylqj wkh ghulydwlyh 4��/ zh pd| uhzulwh +456, dv
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Wkh fdslwdo pdunhw htxloleulxp frqglwlrq lv jlyhq e| +7;, zklfk lpsolhv wkdw
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4:1 Vxppdu| ri prgho zlwk d plqlpxp fdslwdo lqfrph wd{ udwh

zlwklq d vxejurxs ri frxqwulhv

Wkh ghulydwlyhv ri �/ & dqg Z dsshdulqj lq +457, wkurxjk +459, duh jlyhq lq htxdwlrqv

+59, wkurxjk +5;,/ +65, wkurxjk +67, dqg +75, wkurxjk +77,1 Lqvhuwlqj wkhvh h{suhvvlrqv

zkhuhhyhu dssursuldwh/ zh pd| qrz vxppdul}h wkh prgho zlwk d uhjlrqdo plqlpxp

fdslwdo lqfrph wd{ udwh dv iroorzv=

Htxdwlrqv frpprq wr doo frxqwulhv

Gh�qlwlrq +suhylrxvo| +99,,=
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Srolf| uxoh iru J� +suhylrxvo| +:4,,=
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Fdslwdo pdunhw htxloleulxp +suhylrxvo| +:8,,=
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Udwlr ri lqiudvwuxfwxuh vshqglqj wr JGS +suhylrxvo| +:<,,=

^� '
'�

+�
c � ' �c 2c ���������c ? +469,

67



Htxdwlrqv vshfl�f wr xqlrq frxqwulhv

Gh�qlwlrq +dqdorjrxv wr +9:,,=

{�

�
�

%
( � )#2qr�&�

4�*) d� n )# E�� kn 0�o

&
�

i

#
�� e@�
#q

$
4
)n�

) �

#
� �

�� � �

$
E� n 0� 4&� �

%
0 E�� e@�� n E� n 0�

#
|�

�� |�

$&
��n0
�

� E� n 0� dE�� e@�� E�� B�� E�� ��� n ��oZ�

� E� n 0� E�� e@��
5
7E�� ���

�[
5'�c 5 �'�

r5B5Z5
�� r5

n
?[

�'�n�

r�B� E�� � ��Z�
�� r�

6
8 j c � ' �c 2c ���c �

+46:,

Srolf| uxoh iru '� +dqdorjrxv wr +:5,,=

'� ' >�#

%
0 E�� e@�� n E� n 0�

#
|�

�� |�

$&
��n0
�

n >�# E� n 0�
�

��
�� ��

�
4&� n >� E� n 0�{�

�

n>�# E� n 0� dE�� e@�� E�� B�� E�� ��� n ��oZ�c � ' �c 2c ���c � +46;,

Srolf| uxoh iru |� +dqdorjrxv wr +:6,,=

#
�

�� |�

$
��n0
�

� # E�� q�

%
0 E�� e@�� n E� n 0�

#
|�

�� |�

$&
��n0
�

�
�

��
�� ��

�
#k4&�

�#k dE�� e@�� E�� B�� E�� ��� n ��oZ� � k{�

�
' fc � ' �c 2c ���c � +46<,

68



Gh�qlwlrq=

er� � r�S
�

5'� r5
c � ' �c 2c ��������c � +473,

Gh�qlwlrq +ghulyhg iurp +458,,=

e{�

�
� E�� e@�� 4)n�

) � #q E� n 0�
�

��
�� ��

�
4&� � #q

%
0 E�� e@�� n E� n 0�

#
|�

�� |�

$&
��n0
�

�#q E� n 0� dE�� e@�� E�� B�� E�� ��� n ��oZ�

�#q E� n 0� E�� e@��
5
7E�� ���

�[
5'�c 5 �'�

r5B5Z5
�� r5

n
?[

�'�n�

r�B� E�� �?� Z�
�� r�

6
8 c � ' �c 2c ����c �

+474,

Gh�qlwlrq +ghulyhg iurp +459,,=

e4�� � �
)# E�� kn 0�

S
�

�'� r�&�

4
�

) d� n )# E�� kn 0�o
+475,

Srolf| uxoh iru �� +ghulyhg iurp +457,,=

�[
�'�

er�
+�

4

�� ��

�
d�� ��# E�� kn 0�o &� � #q

%
0 E�� e@�� n E� n 0�

#
|�

�� |�

$&
��n0
�

n d�� E�� e@�� E�� B��o E�� ��� Z��#q E� n 0� dE�� e@�� E�� B�� E�� ��� n ��oZ�ne4��� e{�

�

�# E�� ��� E�� e@�� E�� kn 0�
�[

5'�c 5 �'�

r5B5Z5
�� r5

<@
> ' f +476,

Vrfldo zhoiduh ri lqglylgxdo xqlrq frxqwu| +dqdorjrxv wr +93,,=

7`� '
�2�
���

C
���

� �C� �'� n
��4&�
�� ��

n E�� e@��
3
C� n )4

)n�

)

)n �

4
D

69



n

%
E�� e@��

�
0

� n 0

�
n

#
|�

�� |�

$&
��n0
�

n dE�� e@�� E�� B�� E�� ��� n ��oZ�

nE�� e@��
5
7E�� ���

�[
5'�c 5 �'�

r5B5Z5
�� r5

n
?[

�'�n�

r�B� E�� ��� Z�
�� r�

6
8 c � ' �c 2c ����c � +477,

Vrfldo zhoiduh ri wkh xqlrq=

7`� '
�[

�'�

er� � 7`� +478,

Htxdwlrqv vshfl�f wr qrq0xqlrq frxqwulhv

Gh�qlwlrq +dqdorjrxv wr +9:,,=

{?

�
�

%
( � )#2qr�&�

4�*) d� n )# E�� kn 0�o

&
�

i

#
�� e@�
#q

$
4
)n�

) �
�

� �
�� ��

�
E� n 0� 4&� �

�
0 E�� e@�� n E� n 0�

�
|�

�� |�

��
��n0
�

� E� n 0� dE�� e@�� E�� B�� E�� � �� n ��oZ�

� E� n 0� E�� e@�� ?[
5'�c 5 �'�

r5B5 E�� � 5� Z5
�� r5

j c � ' �n �c ����c ? +479,

Srolf| uxoh iru '� +dqdorjrxv wr +:5,,=

'� ' >�#
�
0 E�� e@�� n E� n 0�

�
|�

�� |�

��
��n0
�

n >�# E� n 0�
�

� �
�� � �

�
4&� n >� E� n 0�{?

�

n>�# E� n 0� dE�� e@�� E�� B�� E�� � �� n � �oZ�c � ' �n �c �����c ? +47:,

6:



Srolf| uxoh iru |� +dqdorjrxv wr +:6,,=

�
�

�� |�

�
��n0
�

� # E�� q�
�
0 E�� e@�� n E� n 0�

�
|�

�� |�

��
��n0
�

�
�

� �
�� ��

�
#k4&�

�#k dE�� e@�� E�� B�� E�� � �� n ��oZ� � k{?

�
' fc � ' �n �c �����c ? +47;,

Srolf| uxoh iru � � +dqdorjrxv wr +:7,,=

�
4

�� ��

�
d�� # E�� kn 0� � �o &��#q

�
0 E�� e@�� n E� n 0�

�
|�

�� |�

��
��n0
�

�E�� kn 0�{?

�

n d�� E�� e@�� E�� B��o E�� ��� Z� � #q E� n 0� dE�� e@�� E�� B�� E�� ��� n � �oZ� ' f

+47<,

� ' �n �c ������c ?

Vrfldo zhoiduh iru lqglylgxdo qrq0xqlrq frxqwu| +dqdorjrxv wr +93,,=
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E| lqfoxglqj htxdwlrqv +47:, wkurxjk +47<, lq wkh prgho/ zh duh dvvxplqj wkdw wkh

uhvw ri wkh zruog uhdfwv wr wkh frruglqdwhg xqlrq srolf| e| dgmxvwlqj lwv �vfdo srolf|

lqvwuxphqwv rswlpdoo|1 Dv dq dowhuqdwlyh ehqfkpdun fdvh rqh pd| dvvxph wkdw �vfdo

srolflhv lq wkh uhvw ri wkh zruog duh xqd�hfwhg e| wkh xqlrq*v frruglqdwlrq h�ruwv1 Wklv

pd| eh prghoohg e| wuhdwlqj '�/ |� dqg � � dv h{rjhqrxv/ wkxv ohdylqj rxw htxdwlrqv +47:,

wkurxjk +47<,1
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4;1 D joredo plqlpxp fdslwdo lqfrph wd{ udwh

Wkh prgho ri wkh suhylrxv vhfwlrq pd| hdvlo| eh xvhg wr dqdo|vh wkh fdvh ri joredo frru0

glqdwlrq wdnlqj wkh irup ri d elqglqj plqlpxp vrxufh0edvhg fdslwdo lqfrph wd{ udwh iru

doo frxqwulhv lq wkh zruog1 Wklv lv vlpso| wkh vshfldo fdvh ri wkh prgho lq wkh suhylrxv

vhfwlrq zkhuh � ' ? vr wkdw er� ' r�1

4<1 D prgho zlwk lpshuihfw fdslwdo prelolw| dqg dv|pphwulf

wdvwhv/ whfkqrorjlhv dqg hqgrzphqwv

Zh kdyh vr idu dvvxphg shuihfw fdslwdo prelolw| ehwzhhq doo frxqwulhv lq wkh zruog/ dqg

zh kdyh dvvxphg lghqwlfdo sulydwh wdvwhv/ whfkqrorjlhv dqg shu0fdslwd hqgrzphqwv dfurvv

frxqwulhv1 Iurp qrz rq zh zloo doorz iru furvv0frxqwu| dv|pphwulhv lq wdvwhv/ whfkqrorjlhv

dqg hqgrzphqwv +e| lqwurgxflqj frxqwu| vxevfulswv lq wkh uhohydqw sdudphwhuv,/ dqg zh

zloo doorz iru lpshuihfw fdslwdo prelolw| ehwzhhq wkh frruglqdwlqj wd{ xqlrq dqg wkh uhvw

ri wkh zruog1 Wkh lghd lv wkdw d jurxs ri frxqwulhv hqjdjlqj lq wd{ frruglqdwlrq duh

olnho| wr kdyh forvhu hfrqrplf olqnv zlwk hdfk rwkhu wkdq zlwk wkh uhvw ri wkh zruog1 Iru

h{dpsoh/ lq wkh frqwh{w ri hfrqrplf dqg prqhwdu| xqlrq lq Hxursh/ lw vhhpv uhdvrqdeoh

wr dvvxph wkdw wkh ghjuhh ri fdslwdo prelolw| zlwklq wkh HX lv kljkhu wkdq wkh ghjuhh ri

fdslwdo prelolw| ehwzhhq wkh HX dqg wkh uhvw ri wkh zruog1 Wr fdswxuh wklv glvwlqfwlrq lq

d vw|ol}hg zd|/ zh glylgh wkh zruog*v ? frxqwulhv lqwr d jurxs ri � ' ?�� srwhqwldo xqlrq

frxqwulhv/ dqg wkh �qdo frxqwu| ? uhsuhvhqwlqj wkh uhvw ri wkh zruog +URZ,1 Zlwklq wkh

jurxs ri srwhqwldo xqlrq frxqwulhv wkhuh lv vwloo shuihfw fdslwdo prelolw|/ vr vrxufh0edvhg

wd{dwlrq hvwdeolvkhv d frpprq diwhu0wd{ udwh lqwhuhvw udwh 4� zlwklq wkh xqlrq1 Krzhyhu/

fdslwdo lv rqo| lpshuihfwo| preloh ehwzhhq wkh xqlrq dqg URZ/ vr wkh diwhu0wd{ lqwhuhvw

udwh 4
?
lq wkh odwwhu uhjlrq pd| ghyldwh iurp 4

�
1

Zh suhylrxvo| qrupdol}hg hdfk frxqwu|*v lqlwldo shu0fdslwd hqgrzphqw ri kxpdq dv

zhoo dv qrq0kxpdq zhdowk wr eh htxdo wr xqlw|1 Qrz zh zloo doorz wkhvh shu0fdslwd

hqgrzphqwv wr ghyldwh iurp rqh dqg wr gl�hu dfurvv frxqwulhv1 Li e� lv wkh shu0fdslwd

hqgrzphqw ri kxpdq fdslwdo lq frxqwu| �/ wkh wrwdo lqlwldo vwrfn ri kxpdq fdslwdo M��

khog e| frqvxphu � lq frxqwu| � zloo eh jlyhq e|
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M�� ' w��M� ' w��e���c � ' �c 2c ���������c �� +484,

zkhuh M� � e��� lv frxqwu| �*v djjuhjdwh vwrfn ri kxpdq zhdowk1 Vlploduo|/ li �� lv wkh

lqlwldo shu0fdslwd hqgrzphqw ri qrq0kxpdq zhdowk lq frxqwu| �/ wkh lqlwldo zhdowk khog

e| frqvxphu � lq wkdw frxqwu| zloo eh

T�� ' w������c � ' �c 2c ����������c �� +485,

E| dqdorj| wr +4,/ wkh gluhfw xwlolw| ri frqvxphu � pd| wkhq eh zulwwhq dv
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n
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C��� +486,

Wkh frqvxphu doorfdwhv klv vdylqjv dfurvv xqlrq dqg qrq0xqlrq dvvhwv/ rewdlqlqj dq
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541 D joredo plqlpxp fdslwdo lqfrph wd{ udwh= wkh fdvh ri lp0

shuihfw fdslwdo prelolw|

Lq wklv vhfwlrq zh ghvfuleh krz wkh prgho zlwk lpshuihfw fdslwdo prelolw| vxppdul}hg

lq wkh suhylrxv vhfwlrq zrxog qhhg wr eh prgl�hg li doo frxqwulhv lq wkh zruog djuhhg wr

dgkhuh wr d elqglqj plqlpxp vrxufh0edvhg fdslwdo lqfrph wd{1 Lq wkdw fdvh doo frxqwulhv

zrxog reylrxvo| kdyh wkh vdph fdslwdo lqfrph wd{ udwh/ vr � � ' � iru � ' �c ������c ?1

Olnh ehiruh/ zh dvvxph wkdw wkh frpprq fdslwdo lqfrph wd{ udwh � zrxog eh fkrvhq vr

dv wr pd{lpl}h wkh srsxodwlrq0zhljkwhg zhoiduh ri lqglylgxdo frxqwulhv1 Wkh �uvw0rughu

frqglwlrq iru wkh pd{lpl}dwlrq ri joredo zhoiduh zlwk uhvshfw wr wkh frpprq fdslwdo

lqfrph wd{ zrxog wkhq eh
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dqg 7`? duh vwloo jlyhq e| +4;5, dqg +4<:,/ zlwk � �

dqg �? uhsodfhg e| � 1 Iurp wkhvh h{suhvvlrqv rqh �qgv wkdw
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H�hfw ri � rq 4
�
+Y4

�
*Y�,=

T �

�
'

�[
�'�

T ��

��
n T ?�

�
+545,

H�hfw ri � rq 4
?
+Y4

?
*Y�,=

T ?

�
'

�[
�'�

T �?

��
n T ??

�
+546,

Wkh frpsohwh prgho zlwk d joredo plqlpxp fdslwdo lqfrph wd{ udwh pd| qrz eh

rewdlqhg iurp wkh prgho lq wkh suhylrxv vhfwlrq e| vhwwlqj � � ' �? ' � / dqg e| uhsodflqj

htxdwlrqv +4<4, dqg +539, e| htxdwlrqv +53<, wkurxjk +546,1

551 D uhjlrqdo plqlpxp fdslwdo lqfrph wd{ udwh lq d zruog zlwk

lpshuihfw fdslwdo prelolw|

Vxssrvh qh{w wkdw wd{ frruglqdwlrq rqo| lqyroyhv wkh � �xqlrq� frxqwulhv zkhuhdv wd{

frpshwlwlrq vwloo suhydlov ehwzhhq wkh xqlrq dqg wkh uhvw ri wkh zruog +frxqwu| ?,1 Wkh

xqlrq frxqwulhv fkrrvh d frpprq elqglqj plqlpxp vrxufh0edvhg fdslwdo lqfrph wd{

� � ' ��c � ' �c ������c �

zlwk wkh sxusrvh ri pd{lpl}lqj wkh srsxodwlrq0zhljkwhg dyhudjh vrfldo zhoiduh iru wkh

xqlrq dv d zkroh/ lpso|lqj wkh �uvw0rughu frqglwlrq
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Wkh frpsohwh prgho zlwk d uhjlrqdo plqlpxp fdslwdo lqfrph wd{ lv rewdlqhg iurp

wkh prgho ri vhfwlrq 53 e| vhwwlqj � � ' �� iru � ' �c ����c �/ e| vxevwlwxwlqj htxdwlrqv
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