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Devwudfw

Wklv sdshu vkrzv wkdw pdq| ri wkh hpslulfdo eldvhv ri wkh Eodfn dqg

Vfkrohv rswlrq sulflqj prgho fdq eh h{sodlqhg e| Ed|hvldq ohduqlqj h�hfwv1

Lq wkh frqwh{w ri dq htxloleulxp prgho zkhuh glylghqg qhzv hyroyh rq d

elqrpldo odwwlfh zlwk xqnqrzq exw uhfxuvlyho| xsgdwhg suredelolwlhv zh gh0

ulyh forvhg0irup sulflqj irupxodv iru Hxurshdq rswlrqv1 Ohduqlqj lv irxqg wr

jhqhudwh dv|pphwulf vnhzv lq wkh lpsolhg yrodwlolw| vxuidfh dqg v|vwhpdwlf

sdwwhuqv lq wkh whup vwuxfwxuh ri rswlrq sulfhv1 Gdwd rq V)S 833 lqgh{

rswlrq sulfhv lv xvhg wr edfn rxw wkh sdudphwhuv ri wkh xqghuo|lqj ohduqlqj

surfhvv dqg wr suhglfw wkh hyroxwlrq lq wkh furvv0vhfwlrq ri rswlrq sulfhv1

Wkh sursrvhg prgho ohdgv wr orzhu rxw0ri0vdpsoh iruhfdvw huuruv dqg vpdoohu

khgjlqj huuruv wkdq d ydulhw| ri dowhuqdwlyh rswlrq sulflqj prghov/ lqfoxglqj

Eodfn0Vfkrohv1

�Zh zlvk wr wkdqn Doh{dqghu Gdylg/ Mrvh Fdpsd/ Ehuqdug Gxpdv/ Fodxglr Plfkhodffl/ Hq0

ultxh Vhqwdqd dqg vhplqdu sduwlflsdqwv dw Erffrql Xqlyhuvlw|/ FHPIL/ Ihghudo Uhvhuyh Edqn ri

Vw1 Orxlv/ LQVHDG/ PfJloo/ XFVG/ Xqlyhuvlw| ri Ylujlqld dqg Xqlyhuvlw| ri \run iru glvfxvvlrqv

dqg khosixo frpphqwv1
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5Gdv dqg Vxqgdudp +4<<<, vkrz wkdw wkh prvw srsxodu dowhuqdwlyhv wr EV � mxps0gl�xvlrq

dqg vwrfkdvwlf yrodwlolw| prghov � idlo wr vlpxowdqhrxvo| jhqhudwh lpsolhg yrodwlolw| vplohv dqg

whup vwuxfwxuhv wkdw pdwfk wkh frpsoh{ ihdwxuhv ri wkh gdwd1
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6Dv vwuhvvhg e| Uxelqvwhlq +4<<7, wkh pdunhw iru V)S 833 lqgh{ rswlrqv rq wkh FERH surylghv

d fdvh vwxg| zkhuh wkh frqglwlrqv uhtxluhg e| EV vhhp wr eh zhoo dssur{lpdwhg lq whupv ri

yroxphv/ frqwlqxlw| ri wkh wudglqj surfhvv dqg khgjlqj rssruwxqlwlhv1
7Zh wkdqn \dflqh D�lw0Vdkdold iru pdnlqj klv gdwd vhw dydlodeoh wr wkh sxeolf1 Lq0wkh0prqh|

rswlrqv duh wklqo| wudghg/ wkhlu sulfhv duh qrwrulrxvo| xquholdeoh dqg duh wkxv glvfdughg iurp wkh

gdwd vhw1 Rxw0ri0wkh0prqh| dqg qhdu0dw0wkh0prqh| sxw sulfhv/ S / duh wudqvodwhg lqwr fdoo sulfhv/

F/ xvlqj sxw0fdoo sdulw|1 Doo lqirupdwlrq frqwdlqhg lq oltxlg sxw sulfhv kdv wkxv ehhq h{wudfwhg

dqg frqyhuwhg lqwr fdoo sulfhv1 Wkh uhpdlqlqj sxw rswlrqv duh glvfdughg iurp wkh gdwd vhw zlwkrxw

orvv ri lqirupdwlrq1 Zh h{solflwo| wdnh lqwr dffrxqw wkdw wkh lqgh{ sd|v rxw gdlo| glylghqgv dqg

iroorz D�lw0Vdkdold dqg Or +4<<;, lq xvlqj wkh frqwlqxrxv glylghqg |lhog/ �/ lpsolhg e| gdlo| ydoxhv

ri wkh lqgh{/ V/ dqg sulfhv ri ixwxuhv frqwudfwv/ I / ri jlyhq pdwxulw|/ � 1 E| wkh vsrw0ixwxuhv sdulw|
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Wkh lpsolhg ydoxh ri �w>� lv d phdvxuh ri wkh frqwlqxrxvo| frpsrxqghg glylghqg |lhog wkdw/ dv

ri wlph w/ lv h{shfwhg ehwzhhq w dqg w . � / zkloh uw>� lv wkh ulvniuhh udwh ryhu wklv shulrg1 Wkh

rqo| gl�huhqfh zlwk uhvshfw wr wkh gdwd hpsor|hg e| D�lw0Vdkdold dqg Or +4<<;, lv wkdw zh olplw

rxuvhoyhv wr rswlrqv zlwk ohvv wkdq 533 gd|v wr h{sludwlrq1

�



�ii!*) _@|@ �? @** |�i i ihU�tit�

2��� W4T*�i_ VL*@|�*�|) 5�hu@Uit

W?�|�@**) �i UL?�h4 |�i i �t|i?Ui Lu @ t)t|i4@|�U t!i� �? |�i hi*@|�L?t��T Mi|�ii?

�5 �4T*�i_ �L*@|�*�|) @?_ 4L?i)?itt� 6�}�hi � T*L|t |�i �4T*�i_ �L*@|�*�|) t�hu@Ui

@}@�?t| 4L?i)?itt uLh t� 4@|�h�|�it hiThiti?|i_ �? L�h _@|@ t@4T*i�D 6Lh 4Lt|

_@)t �? |�i t@4T*i Tih�L_c |�i U�h�i hi*@|�?} �5 �4T*�i_ �L*@|�*�|�it |L |�i t|h�!i

Th�Ui �t t!i�i_� A��t �t Lu UL�hti �?UL?t�t|i?| ��|� |�i 4@�?|@�?i_ @tt�4T|�L? Lu

@ UL?t|@?| _�g�t�L? �? |�i �5 4L_i*�

2�2� Aih4 5|h�U|�hi Lu W4T*�i_ VL*@|�*�|)

A�i _@|@ @*tL hi�i@*t @ t)t|i4@|�U |ih4 t|h�U|�hi �? �4T*�i_ �L*@|�*�|�it� Nt�?}

|�hii @*|ih?@|��i �@*�it Lu 4L?i)?itt L�ih |�i Tih�L_ a@?� �Hc �bb� |L a@?� 2Dc

�bb�c 6�}�hi 2 t�L�t |�@| |�i �4T*�i_ �L*@|�*�|�it Lu @|�|�i�4L?i) LT|�L?t @?_

LT|�L?t ��|� 4L?i)?itt *itt |�@? L?i �?Uhi@ti ��|� |�4i |L i T�h@|�L?� 6Lh �?�|�i�

4L?i) LT|�L?t |�i T@||ih? �t tL4i��@| �i@!ihG tL4i _@)t �4T*�i_ �L*@|�*�|) �t @?

�?Uhi@t�?} @?_ UL?�i u�?U|�L? Lu |�4i |L i T�h@|�L?( L|�ih _@)t �4T*�i_ �L*@|�*�|)

�t @ UL?U@�i u�?U|�L? Lu 4L?i)?itt @?_ LUU@t�L?@**) |�i T@||ih? �t UL?t|@?| Lh i�i?

_iU*�?�?}�

2��� 5|@|i �h�Ui #i?t�|�it

+iUi?|*) +�M�?t|i�? E�bbe� @?_ a@U!�ih|� @?_ +�M�?t|i�? E�bbS� ThLTLti_ |L i �

|h@U| t|@|i Th�Ui _i?t�|�it E5�#� uhL4 �4T*�i_ M�?L4�@* |hiit� A��t �t @?L|�ih

TL�ihu�* ThLUi_�hi uLh _i4L?t|h@|�?} M�@tit �? |�i �5 4L_i* ��Lti @tt�4T|�L? �t

|�@| |�i t|@|i Th�Ui _i?t�|) �t *L}�?Lh4@*� 6�}�hi � t�L�t |�i 5�# �?uihhi_ uhL4

LT|�L? UL?|h@U|t ��|� @| *i@t| Df U@*i?_@h _@)t |L i T�h@|�L? @?_ @�ih@}i_ @UhLtt

U@*i?_@h _@)t @?_ 4@|�h�|�it E@ |L|@* Lu ��e it|�4@|i_ 5�#t�� AL i?t�hi |�@| 5�#t

L? _�gihi?| _@)t @hi UL4T@h@M*ic @** T*L|t �ti t|@?_@h_�3i_ *L}@h�|�4�U hi|�h?t�

�@h|�U�*@h*) �4TLh|@?| �? iUL?L4�U |ih4t �t |�i |@�* Mi�@��Lh Lu |�i 5�# t�?Ui

|��t 4@) ThL��_i �?uLh4@|�L? @ML�| |�i ��4T h�t! i TiU|i_ M) 4@h!i|tc U�u� �@|it

E�bb��� A�ihiuLhi �i T*L| �? |�i ML||L4 Lu 6�}�hi � |�i it|�4@|i_ |@�* Mi�@��Lh Lu

8Wkh �qglqj ri vnhzv lq lpsolhg yrodwlolw| lv jhqhulf dqg krogv dfurvv gl�huhqw pdwxulwlhv1

e



|�i @�ih@}i 5�#�

�L4T@hi_ |L |�i *L}?Lh4@* Mi?U�4@h!c |�i 5�# �t U*i@h*) *iT|L!�h|�U� �@h!i|

T@h|�U�T@?|t @tt�}? ��}� �@*�i |L u�|�hi �i |hi4i< L�|UL4it |�@| �?_ih @ *L}?Lh�

4@* 5�# �L�*_ hiUi��i @ 4�U� t4@**ih t|@|i Th�Ui� AL _i4L?t|h@|i |��t TL�?|c

A@M*i W UL4T@hit |�i ?L�@hM�|h@}i Th�Uit Lu @ t|@|i�UL?|�?}i?| @tti| T@)�?} Lg L?i

_L**@h ��i? |�i 5:� Dff hi|�h?t i Uii_ E�? @MtL*�|i �@*�i� @ Uih|@�? ?�4Mih Lu

t|@?_@h_ _i��@|�L?t Lu hi|�h?t �?_ih |�i it|�4@|i_ 5�#t �iht�t �?_ih @ *L}?Lh4@*

Mi?U�4@h!� O�}�ih Th�Uit uLh |@�*�UL?|�?}i?| tiU�h�|�it hi�iU| |�i u@U| |�@| �?_ih

|�i it|�4@|i_ 5�#t |�i 4@h!i| @tt�}?t @ 4�U� ��}�ih h�t!�?i�|h@* Th�Ui |L @ _L**@h

T@�_ L�| �? i�|�ih Uh@t� Lh t|hL?}*) M�**�t� t|@|it Lu |�i �Lh*_�

�� �tti| �h�Uit �?_ih 6�** W?uLh4@|�L?

A�i i4T�h�U@* �?_�?}t hiTLh|i_ �? 5iU|�L? 2 UL?�h4 |�i Thiti?Ui Lu t)t|i4@|�U

M�@tit �? |�i �5 4L_i* @?_ t�}}it| |�@| @ 4Lhi }i?ih@* LT|�L? Th�U�?} 4L_i* �t

hi^��hi_� A��t tiU|�L? U�@h@U|ih�3it LT|�L? Th�Uit �? @ u�** �?uLh4@|�L? i^��*�Mh��4

4L_i* ���U� �@t |�i �5 4L_i* @t @ *�4�|�?} U@ti @?_ ti|t �T @ Mi?U�4@h! uhL4

���U� |L i�@*�@|i LT|�L? Th�U�?} M�@tit� wi@h?�?} �t �?|hL_�Ui_ �? 5iU|�L? e�

���� 6�?_@4i?|@*t L? @ ��?L4�@* w@||�Ui

��h t|@h|�?} TL�?| �t @ �iht�L? Lu |�i �?�?�|i �Lh�3L?c hiThiti?|@|��i @}i?| i?_L��

4i?| iUL?L4) t|�_�i_ M) w�U@t E�b.H�� A�ihi @hi |�hii @tti|tG � L?i�Tih�L_

_iu@�*|�uhiic 3ihL�UL�TL? ML?_ �? 3ihL ?i| t�TT*) |h@_�?} @| @ Th�Ui Lu �| @?_ i@h?�

�?} �?|ihit| Lu o| ' E�*�| � ��( @ t|LU! |h@_i_ @| @ Th�Ui Lu 7| ��Lti ?i| t�TT*) �t

?Lh4@*�3i_ @| �( @?_ @ ,�hLTi@? U@** LT|�L? �h�||i? L? |�i t|LU! ��|� � � A � |

Tih�L_t |L i T�h@|�L?c t|h�!i Th�Ui g @?_ U�hhi?| Th�Ui �|�

A�i t|LU! T@)t L�| @? �?�?�|i t|hi@4 Lu hi@* _���_i?_t i(|n&j"&'� � #���_i?_t
@hi Tih�t�@M*i @?_ @hi UL?t�4i_ �? |�i Tih�L_ ��i? |�i) @hi hiUi��i_� #���_i?_

}hL�|� h@|itc }|n& '
(|n&

(|n&3�
��c uL**L� @ �ih?L�**� ThLUitt |�@| �t t�M�iU| |L U�@?}i

6 |�4it �? i@U� �?�| �?|ih�@*� `�|��? |�i �?|ih�@* d|c | n � o _���_i?_t |��t uL**L�

@ � ' �6�t|iT M�?L4�@* ThLUitt� 6Lh i@U� �?|ih�@* |�i _���_i?_ }hL�|� h@|i �t }�

��|� ThLM@M�*�|) Z Lh }, ��|� ThLM@M�*�|) �� ZG

}|n&n� '

+
}� ��|� RoJK� Z

}, ��|� RoJK� �� Z
;& � fc Z 5 Efc �� E��

D



`�|�L�| *Ltt Lu }i?ih@*�|) �i @tt�4i |�@| }� : }, : �� tL |�@| _���_i?_t @hi

?L?�?i}@|��i ThL��_i_ (| : f� A��t }��it @ t|@?_@h_ hiUL4M�?�?} M�?L4�@* |hii

t�4�*@h |L |�i L?i @_LT|i_ M) �L c +Ltt @?_ +�M�?t|i�? E�b.b� uLh |�i �?_ih*)�?}
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)LJXUH �� ,PSOLHG YRODWLOLW\ DV D IXQFWLRQ RI PRQH\QHVV IRU 6	3 ��� LQGH[ RSWLRQV

PDWXULQJ LQ $XJXVW ���� � -DQXDU\ ����� (DFK V\PERO LQ WKH SORWV FRUUHVSRQGV WR D

SDUWLFXODU GD\ LQ WKH VDPSOH ZKHUH D JLYHQ PDWXULW\ ZDV WUDGHG�
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)LJXUH �� 7HUP VWUXFWXUH RI LPSOLHG YRODWLOLW\� 7KH WKUHH JUDSKV SORW LPSOLHG YRODWLOLW\ DV D

IXQFWLRQ RI PDWXULW\ IRU 6	3 ��� LQGH[ RSWLRQV� RYHU WKH SHULRG -DQ� �� ���� ����� 7KUHH

GLIIHUHQW PRQH\QHVV OHYHOV DUH XVHG� ���� �LQ WKH PRQH\�� � �DW�WKH�PRQH\�� DQG ���� �RXW�RI�
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)LJXUH �� $YHUDJH VWDWH�SULFH GHQVLW\ HVWLPDWHG IURP 6	3 ��� LQGH[ RSWLRQV DQG WKH 6	3

��� FDVK LQGH[ RYHU WKH SHULRG -DQ� � � 'HF� ��� ���� FRPSDUHG WR D ORJQRUPDO 63'� 7KH

HVWLPDWHG 63' LV WKH DYHUDJH RI ��� 63'V REWDLQHG IURP RSWLRQV GDWD ZLWK PRUH WKDQ ��

FDOHQGDU GD\V WR H[SLUDWLRQ XVLQJ WKH QRQSDUDPHWULF� LPSOLHG ELQRPLDO WUHH PHWKRG RI

5XELQVWHLQ ������ DQG -DFNZHUWK DQG 5XELQVWHLQ ������� 7KH REMHFWLYH IXQFWLRQ LV WKH

PD[LPXP VPRRWKQHVV IXQFWLRQ�
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)LJXUH �� 'LIIHUHQFH EHWZHHQ WKH SULFH RI D (XURSHDQ FDOO ZLWK �� GD\V WR H[SLUDWLRQ �τ ���
FDOFXODWHG XQGHU IXOO LQIRUPDWLRQ DQG %D\HVLDQ OHDUQLQJ� 7KH DVVXPHG SDUDPHWHUV DUH�
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)LJXUH �� ,PSOLHG %ODFN�6FKROHV YRODWLOLWLHV DV D IXQFWLRQ RI PRQH\QHVV IRU D (XURSHDQ FDOO

ZLWK �� GD\V WR H[SLUDWLRQ �τ ��� FDOFXODWHG XQGHU IXOO LQIRUPDWLRQ� 7KH SDUDPHWHUV DUH VHW
DV IROORZV� P �� JK �������� JO ��������� π ������ ρ ���� �DQQXDO�� DQG γ ������ 7KH SULFH
RI WKH 6	3 ��� LV �������� WKH FORVLQJ SULFH RQ )HE� ��� ����� )RU FRPSDULVRQ� WKH OHIW
SDQHO UHSRUWV LPSOLHG YRODWLOLWLHV DV D IXQFWLRQ RI PRQH\QHVV IRU RSWLRQV H[SLULQJ LQ $SULO
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,PSOLHG YRODWLOLW\ DV D IXQFWLRQ RI PRQH\QHVV�
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)LJXUH �� ,PSOLHG %ODFN�6FKROHV YRODWLOLWLHV DV D IXQFWLRQ RI PRQH\QHVV IRU D (XURSHDQ FDOO

ZLWK �� GD\V WR H[SLUDWLRQ �τ ��� FDOFXODWHG RQ D %D\HVLDQ OHDUQLQJ SDWK DQG XVLQJ DFWXDO
PDUNHW GDWD RQ )HEUXDU\ ��� ����� 7KH SDUDPHWHUV DUH� P �� J
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)LJXUH �� 6WDWH�SULFH GHQVLWLHV IRU WKH �� GD\V DKHDG �τ ��� YDOXHV RI WKH 6	3 ��� LQGH[
GHULYHG IURP D %6 YV� D %D\HVLDQ OHDUQLQJ PRGHO RQ )HE� ��� ����� 7KH SDUDPHWHUV DUH VHW

DV IROORZV� P  �� JK �������� JO ��������� π  ������ ρ  ���� �DQQXDO�� γ  ������ QW ���

DQG 1W ��� LPSO\LQJ DQ LQLWLDO EHOLHI tπ̂  ������ 7KH SULFH RI WKH 6	3 ��� LV �������� WKH

FORVLQJ SULFH RQ )HE� ��� ����� 7KH WKLUG SDQHO FRPSDUHV WKH %6 ZLWK WKH %/ VWDWH SULFH
GHQVLW\ DGMXVWLQJ IRU GLIIHUHQFHV LQ WKHLU UHVSHFWLYH VXSSRUWV�
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)LJXUH �� ,PSOLHG YRODWLOLW\ WHUP VWUXFWXUH SORWV XQGHU IXOO LQIRUPDWLRQ �%6� �VTXDUHV� DQG

ZLWK %D\HVLDQ OHDUQLQJ �GLDPRQGV�� :H DVVXPH P � ZKLOH WKH RWKHU 
GHHS
 SDUDPHWHUV �J
K
�

J
O
� π� ρ� DQG γ� DUH DGMXVWHG DFFRUGLQJ WR 3URSRVLWLRQ � WR HQVXUH WKDW WKH %6 RSWLRQ SULFH LV
DQ DSSUR[LPDWLRQ WR WKH %ODFN�6FKROHV YDOXH ZLWK DQ DQQXDO ULVN�IUHH UDWH RI �� DQG D
GLYLGHQG \LHOG RI ��� ,Q WKH FDVH RI %/ SULFHV� ZH WDNH Q
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)LJXUH ��� :HDN OHDUQLQJ HIIHFWV  3ORWV RI GLIIHUHQFHV EHWZHHQ FDOO SULFHV� LPSOLHG
YRODWLOLWLHV DV D IXQFWLRQ RI WKH VWULNH SULFH� DQG ���GD\�DKHDG VWDWH�SULFH GHQVLWLHV IRU WKH
6	3 ��� LQGH[ RQ )HE� ������� IRU WKH ),5( DQG %/ DVVHW SULFLQJ PRGHOV� 7KH ILUVW WKUHH

JUDSKV UHIHU WR D (XURSHDQ FDOO �� GD\V WR H[SLUDWLRQ �τ ���� 7KH IRXUWK SORW UHSUHVHQWV
ZLWK VTXDUHV WKH 63' FDOFXODWHG XQGHU IXOO LQIRUPDWLRQ UDWLRQDO H[SHFWDWLRQV DQG ZLWK
GLDPRQG WKH 63' FDOFXODWHG XQGHU %D\HVLDQ OHDUQLQJ� 7KH SDUDPHWHUV DUH VHW DV IROORZV�
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)LJXUH �� � 3DUDPHWHU VWDELOLW\ WHVWV� 'DLO\ SDUDPHWHU HVWLPDWHV REWDLQHG E\ ILWWLQJ WR WKH

FURVV VHFWLRQ RI 6	3��� LQGH[ RSWLRQ SULFHV HDFK GD\ %ODFN�6FKROHV �%6�� %6 ZLWK WKUHH

PRQH\QHVV SDUDPHWHUV �%6�P��� %6 ZLWK WKUHH PDWXULW\ SDUDPHWHUV �%6�τ��� D %6�VSOLQH

PRGHO �%6�VSOLQH�� DQG D %D\HVLDQ OHDUQLQJ PRGHO �%/� XQGHU WZR VHWV RI SUHIHUHQFH
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Table I 

Implied State Price Densities. 
The table reports the price of a state-contingent claim that pays out 1 dollar when (demeaned) S&P 500 returns fall 
below or above X standard deviations, calculated using the SPD estimated from option contracts with at least 50 
calendar days to maturity. As a benchmark the table also reports the price of the same contingent claims based on a 

lognormal SPD. The SPDs have been demeaned and divided by τσ . The price of the contingent claims are 
calculated according to the formula: 
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where the λjs are the state-prices, I is the standard indicator function,  
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+ = Pr  is a risk-neutral probability, based either on the normal density or implied by the 

options data. The estimated SPDs are either average or median state-price densities estimated from S&P 500 index 
options and the S&P 500 cash index over the period Jan. 4, 1993 - Dec. 31, 1993 using the nonparametric, implied 
binomial tree method of Rubinstein (1994) and Jackwerth and Rubinstein (1996). The objective is the maximum 
smoothness function: 
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X Average price Median price 

 Lognormal SPD Estimated SPD Lognormal SPD Estimated SPD 
-7< 3⋅10-13 0.0000126 8⋅10-14 1⋅10-10 
-6< 1⋅10-10 0.00002244 1⋅10-10 4⋅10-10 
-5< 2⋅10-7 0.00002402 2⋅10-7 9⋅10-10 

−Q  -4< 0.00001857 0.00003413 0.00001870 2⋅10-9 

-3< 0.001505 0.00026 0.001515 7⋅10-9 
-2< 0.01974 0.01264 0.01987 0.0000028 
-1< 0.1744 0.1742 0.1747 0.1203 
>1 0.1381 0.07197 0.1381 0.0679 
>2 0.02334 0.00376 0.02334 0.00159 
>3 0.000865 0.000849 0.000865 0.000173 

+Q   >4 0.000235 0.000428 0.0000235 0.0000391 

>5 6⋅10-8 0.000241 6⋅10-8 0.0000170 
>6 1⋅10-10 0.000186 1⋅10-10 0.0000117 
>7 8⋅10-14 0.000126 8⋅10-14 7⋅10-6 

 



Table II 

Average Dollar Valuation Errors Using the Bayesian Learning Model and Different 
Versions of Black-Scholes. 

RMSVE is the root mean squared dollar valuation error averaged across all days and all traded contracts over the sample 
period January 4, 1993 - December 31, 1993. MAVE is the average of the mean absolute dollar evaluation error. AIC  is 
the average of the Akaike Information Criterion. '% best-RMSVE' is the frequency of days, expressed as a ratio of the 
total number of days, on which a particular model has a lower daily RMSVE than any other. '% best-MAVE' and '% 
best-AIC' are defined analogously. BS is the Black-Scholes model, BS(τ) is a BS model that allows volatility to be a 
function of time-to-expiration, BS(m) is a BS model that allows volatility to be a function of moneyness, 'BS spline' fits a 
function of a polynomial in K (the strike price) and τ (time-to-maturity) to the implied volatility surface and then prices 
options using the fitted volatility levels. BL is a Bayesian learning model (assuming ρ = 0.1 and γ = 0.9) re-estimated on 
a daily basis. Moneyness is defined as 100×(F/K-1), where F is the futures price for maturity identical to the option 
contract. 
 

Panel A: Aggregate Results 

Model RMSVE MAVE AIC % best-
RMSVE 

% best-
AIC 

% best-
MAVE 

BS 0.9463 0.7572 -0.3181 0 0 0 
BS (τ) 0.8894 0.6998 -0.3743 0 0 0 
BS(m) 0.6355 0.4972 -1.1377 15.93 15.93 17.13 
BS spline 0.8927 0.6863 -0.1961 0 0 0 
BL 0.3636 0.2890 -2.0253 84.07 84.07 82.87 

       
Panel B: Results by Moneyness 

   Moneyness (%) 
  Less than -2% (OTM) -2% to +2% (ATM) More than 2% (ITM) 

Model RMSVE MAVE 
% best-

RMSVE 
% best-
MAVE RMSVE MAVE 

% best-
RMSVE 

% best-
MAVE RMSVE MAVE 

% best-
RMSVE 

% best-
MAVE 

BS 0.970 0.907 0.40 0.40 0.667 0.577 0.40 1.19 1.042 0.805 0 0 

BS (τ) 0.984 0.868 0 0 0.516 0.407 21.03 17.86 0.981 0.782 0 0 

BS(m) 0.402 0.324 41.27 42.46 0.622 0.520 6.75 6.75 0.700 0.562 20.32 19.12 

BS spline 0.807 0.635 0.40 0.40 0.969 0.700 0 0 1.037 0.722 2.79 2.78 

BL 0.322 0.272 57.94 56.75 0.327 0.269 71.83 74.21 0.389 0.318 76.89 78.09 

       
Panel C: Results by Time-to-Maturity 

   Days to Expiration 
  Less than 40 40 to 70 More than 70 

Model RMSVE MAVE 
% best-

RMSVE 
% best-
MAVE RMSVE MAVE 

% best-
RMSVE 

% best-
MAVE RMSVE MAVE 

% best-
RMSVE 

% best-
MAVE 

BS 0.524 0.446 3.04 3.35 0.675 0.554 0 0 1.019 0.814 0 0 

BS (τ) 0.425 0.365 10.98 12.80 0.521 0.442 2.45 2.86 0.951 0.735 0 0 

BS(m) 0.449 0.383 23.78 27.13 0.520 0.427 19.18 20.41 0.719 0.573 11.21 12.46 

BS spline 0.422 0.373 29.27 25.00 0.548 0.462 8.98 7.35 0.840 0.655 1.87 1.87 

BL 0.395 0.336 32.93 31.71 0.347 0.283 69.39 69.39 0.393 0.317 86.92 85.67 

 



Table III 

Summary Statistics for Parameter Estimates. 
The table reports summary statistics from fitting five different models to the cross-section of S&P 500 index option 
prices over the period Jan. 4 - Dec. 31, 1993. BS is the Black-Scholes model, BS (τ) is a BS model that allows volatility to 
be a function of time-to-expiration, BS(m) is a BS model that allows volatility to be a function of moneyness, 'BS spline' 
that fits a function of a polynomial in K (the strike price) and τ (time-to-maturity) to the implied volatility surface and 
then prices options using the fitted volatility levels. BL is a Bayesian learning model (assuming a fundamental volatility of 
5% per year) re-estimated on a daily basis. 
 

  

Model Coefficient 
estimate 

Mean Median Standard Dev. 

BS σ 0.1056 0.1050 0.0086 
 σOTM 0.0938 0.0935 0.0067 

BS(m) σATM 0.1038 0.1030 0.0078 
 σITM 0.1211 0.1200 0.0130 
 σshort 0.0990 0.0985 0.5414 

BS(τ) σmedium 0.0943 0.0970 0.0139 
 σlong 0.1089 0.1085 0.0216 
 α0 2.3546 2.4126 1.1949 
 α1 -0.0085 -0.0091 0.0054 

BS-spline α2 7.77E-06 8.35E-06 6.07E-06 
 α3 -0.0047 -0.0034 0.0039 
 α4 1.03E-05 7.42E-06 8.6E-06 
 πt 0.5343 0.5312 0.0115 

Bayesian learning Nt 167.03 173.00 33.63 
(ρ=0.1, γ=0.9) Mt 0.5166 0.5556 0.1590 

     
 πt 0.5292 0.5280 0.0065 

Bayesian learning Nt 243.31 244.00 19.43 
(ρ=0.03, γ=0.5) mt 0.3055 0.3000 0.0494 

     
 



Table IV 

Average Dollar Prediction Errors Using the Bayesian Learning Model and Different 
Versions of Black-Scholes formula. 

RMSPE is the root mean squared dollar prediction error averaged across all days and traded contracts in the sample 
period January 4, 1993 - December 31, 1993. MAPE is the average of the mean absolute dollar prediction error. '% best-
RMSPE' is the frequency of days, expressed as a ratio of the total number of days, on which a particular model has a 
lower daily RMSPE than any other. '% best-MAPE' is defined analogously. BS is the Black-Scholes model, BS(τ) is a BS 
model that allows volatility to be a function of time-to-expiration, BS(m) is a BS model that allows volatility to be a 
function of moneyness, 'BS spline' fits a function of a polynomial in K (the strike price) and τ (time-to-maturity) to the 
implied volatility surface and then prices options using the fitted volatility levels. BL is a Bayesian learning model 
(assuming ρ = 0.1 and γ = 0.9) re-estimated on a daily basis. Moneyness is defined as 100×(F/K-1), where F is the 
futures price with maturity identical to the option contract. 
 

Panel A: Aggregate Results 

Model RMSPE MAPE % best-RMSPE % best-MAPE 

BS 1.0079 0.8005 0.40 0.40 
BS (τ) 1.0306 0.7897 1.20 0.80 
BS(m) 0.7489 0.5882 22.00 25.60 
BS spline 0.9164 0.7054 10.40 10.40 
BL 0.5422 0.4422 66.00 62.80 
     

Panel B: Results by Moneyness 
   Moneyness (%) 

  Less than -2% (OTM) -2% to +2% (ATM) More than 2% (ITM) 

Model RMSPE MAPE % best-
RMSPE 

% best-
MAPE 

RMSVE MAVE % best-
RMSPE 

% best-
MAPE 

RMSVE MAVE % best-
RMSPE 

% best-
MAPE 

BS 1.003 0.939 4.80 5.97 0.789 0.677 9.13 6.72 1.064 0.828 3.60 3.20 

BS (τ) 1.068 0.930 2.00 1.20 0.985 0.625 7.94 14.62 1.044 0.823 9.20 10.80 

BS(m) 0.476 0.383 24.00 1.04 0.753 0.626 6.74 9.49 0.824 0.667 16.40 16.80 

BS spline 0.745 0.643 24.00 3.98 0.901 0.693 9.13 11.46 0.956 0.745 14.00 14.80 

BL 0.404 0.347 45.20 47.81 0.496 0.424 67.06 57.71 0.599 0.512 56.80 54.40 

       
 

Panel C: Results by Time-to-Maturity 
   Days to Expiration 

  Less than 40 40 to 70 More than 70 

Model RMSPE MAPE % best-
RMSPE 

% best-
MAPE 

RMSVE MAVE % best-
RMSPE 

% best-
MAPE 

RMSVE MAVE % best-
RMSPE 

% best-
MAPE 

BS 0.557 0.475 2.76 3.35 0.728 0.595 0.81 0.82 1.065 0.847 0 0 

BS (τ) 0.497 0.424 12.58 16.16 0.635 0.519 8.54 9.43 1.067 0.810 0.63 1.25 

BS(m) 0.494 0.425 24.23 25.30 0.605 0.504 24.39 25.41 0.804 0.642 17.19 20.00 

BS spline 0.447 0.395 28.22 30.18 0.566 0.478 19.51 19.67 0.861 0.861 11.88 14.06 

BL 0.470 0.407 32.82 25.00 0.478 0.398 45.93 44.67 0.549 0.450 70.31 64.69 

 



Table V 

Average Dollar Hedging Errors Using the Bayesian Learning Model and Different 
Versions of Black-Scholes. 

RMSHE is the root mean squared dollar hedging error averaged across all days and all traded contracts in the sample 
period January 4, 1993 - December 31, 1993. MAHE is the average of the mean absolute dollar hedging error. '% best-
RMSHE' is the frequency of days, expressed as a ratio of the total number of days, on which a particular model has a 
lower daily RMSHE than any other model. '% best-MAHE' is defined analogously. BS is the Black-Scholes model, BS 
(τ) is a BS model that allows volatility to be a function of time-to-expiration, BS(m) is a BS model that allows volatility to 
be a function of moneyness, 'BS spline' fits a function of a polynomial in K (the strike price) and τ (time-to-maturity) to 
the implied volatility surface and then prices options using the fitted volatility levels. BL is a Bayesian learning model 
(assuming ρ = 0.1 and γ = 0.9) re-estimated on a daily basis. Moneyness is defined as 100×(F/K-1), where F is the 
futures price with maturity identical to the option contract. 
 

Panel A: Aggregate Results 

Model RMSHE MAHE % best-RMSHE % best-MAHE 

BS 0.3626 0.2961 3.60 3.20 
BS (τ) 0.3513 0.2855 19.20 20.80 
BS(m) 0.3760 0.2839 14.80 15.20 
BS spline 0.4237 0.3505 12.80 11.60 
BL 0.3047 0.2416 49.60 49.20 

     
 

Panel B: Results by Moneyness 
   Moneyness (%) 

  Less than -2% (OTM) -2% to +2% (ATM) More than 2% (ITM) 

Model RMSHE MAHE % best-
RMSHE 

% best-
MAHE 

RMSHE MAHE % best-
RMSHE 

% best-
MAHE 

RMSHE MAHE % best-
RMSHE 

% best-
MAHE 

BS 0.253 0.215 3.60 5.60 0.279 0.229 4.80 9.20 0.427 0.372 3.20 2.40 

BS (τ) 0.266 0.228 10.80 11.60 0.250 0.205 47.60 45.20 0.412 0.356 17.20 17.20 

BS(m) 0.195 0.155 43.20 42.0 0.359 0.287 13.60 9.60 0.415 0.342 14.00 14.80 

BS spline 0.257 0.217 26.00 26.8 0.371 0.317 13.60 14.40 0.491 0.442 10.00 8.80 

BL 0.230 0.189 16.40 14.0 0.294 0.243 20.40 21.60 0.329 0.272 55.60 56.80 

       
 

Panel C: Results by Time-to-Maturity 
   Days to Expiration 

  Less than 40 40 to 70 More than 70 

Model RMSPE MAPE % best-
RMSPE 

% best-
MAPE 

RMSVE MAVE % best-
RMSPE 

% best-
MAPE 

RMSVE MAVE % best-
RMSPE 

% best-
MAPE 

BS 0.370 0.318 5.21 5.83 0.347 0.286 4.07 4.51 0.354 0.292 4.69 4.69 

BS (τ) 0.343 0.296 29.14 31.90 0.335 0.276 26.83 25.82 0.349 0.285 18.44 18.75 

BS(m) 0.368 0.310 11.35 11.04 0.353 0.274 13.01 15.16 0.378 0.285 15.94 16.25 

BS spline 0.387 0.342 15.64 15.64 0.392 0.332 9.76 11.48 0.418 0.354 13.44 11.86 

BL 0.351 0.306 38.65 35.58 0.293 0.237 45.53 43.03 0.304 0.244 47.50 48.44 

 


