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Devwudfw

Pdwfklqj lv hqgrjhql}hg lq dq rwkhuzlvh vwdqgdug dgdswlyh prgho ri sod| lq 5{5 jdphv

e| jlylqj djhqwv wkh rswlrq wr vrphwlphv frqwlqxh sod|lqj djdlqvw wkh vdph rssrqhqw1

Wklv uhqhzdo rswlrq doorzv djhqwv sod|lqj h!flhqwo| wr lvrodwh wkhpvhoyhv iurp wkrvh zkr

duh qrw1 Shukdsv frxqwhulqwxlwlyho|/ h!flhqw sod| pd| eh ohvv olnho| wr vxuylyh lq wkh orqj

uxq zkhq djhqwv kdyh wklv dgglwlrqdo lqvwuxphqw/ hyhq lq jdphv zlwk frpprq lqwhuhvwv1

Wklv lv ehfdxvh lvrodwlrq kdv wzr h�hfwv= lw udlvhv wkh uhwxuqv wr dq h!flhqw exw iudjloh

vwudwhj|/ exw lw dovr �jkhwwrl}hv� djhqwv sod|lqj lqh!flhqwo| 0 wkh| uduho| ohduq derxw wkh
h!flhqw vwudwhj| dqg zkhq wkh| gr ohduq derxw lw/ wkh| uduho| khdu jrrg qhzv1 L orrn dw dq

h{whqvlrq lq zklfk djhqwv kdyh orqj phprulhv derxw wkh shuirupdqfh ri d vwudwhj|1 Zlwk

orqj phprulhv/ jrrg qhzv derxw dq h!flhqw vwudwhj| zloo eh pruh olnho| wr wulfnoh grzq

wr jkhwwrl}hg djhqwv/ plwljdwlqj wkh eldv lq ohduqlqj1 Zlwk wklv eldv uhpryhg/ orqj uxq

vxuylydo ri h!flhqw sod| ehfrphv pruh olnho| 0 hyhq zkhq lw lv qrw d vwdwlf Qdvk htxloleulxp1

Hvvhqwldoo|/ djhqwv ohduq wr xvh wkh uhqhzdo rswlrq wr sxqlvk qrq0frrshudwruv1 Krzhyhu/
wkh vshhg ri ohduqlqj pd| vwloo eh txlwh vorz/ vr wkdw jkhwwrl}dwlrq shuvlvwv iru d orqj wlph1

4 Lqwurgxfwlrq

Wklv sdshu dvnv krz djhqwv lq odujh srsxodwlrqv ohduq wr sod| jdphv zkhq wkh| kdyh vrph

frqwuro ryhu zkr wkh| sod| djdlqvw1 Hyroxwlrqdu| prghov kdyh douhdg| vkhg pxfk oljkw rq krz

vlpsoh dgdswlyh g|qdplfv fdq ohdg d odujh srsxodwlrq ri djhqwv zkr uhshdwhgo| sod| d jdph

lq sdluv wrzdug dq htxloleulxp/ exw iru wkh prvw sduw/ wkhvh prghov dvvxph wkdw dq h{rjhqrxv

surfhvv ghwhuplqhv zklfk djhqwv sod| djdlqvw hdfk rwkhu1 Krzhyhu/ zkr wr sod| lv riwhq dv

lpsruwdqw d vwudwhjlf ghflvlrq dv krz wr sod|1 L exlog dq hyroxwlrqdu| prgho lq zklfk pdwfklqj

lv udqgrp exw djhqwv lq xhqfh zkr wkh| sod| e| frqwuroolqj wkh ohqjwk ri pdwfkhv1 Wklv kdv

wkh srwhqwldo wr ehqh�w h!flhqw vwudwhjlhv e| doorzlqj djhqwv sod|lqj wkhp wr sduwldoo| lvrodwh
WL*g olnh wr wkdqn wkh shrsoh zkrvh fulwlflvp dqg hqfrxudjhphqw kdyh nhsw wklv surmhfw vdlolqj vwudljkw1

Wkhvh lqfoxgh exw duh qrw olplwhg wr Ehqjw Kropvwurp/ Vhqgklo Pxoodlqdwkdq +zkr lqvsluhg wkh h{dpsoh ri
wkh lqwurgxfwlrq,/ Wkrpdv Sklolssrq/ Slhwhu Jdxwlhu/ Gdurq Dfhprjox/ dqg sduwlfxoduo| p| dgylvruv/ Deklmlw
Edqhumhh dqg Johqq Hoolvrq1
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wkhpvhoyhv iurp vwudwhjlf ulvn1 Krzhyhu/ lvrodwlrq lv d grxeoh0hgjhg vzrug � djhqwv zkr duh

xqvxffhvvixo lq lvrodwlqj pd| eh zruvh r� wkdq xqghu udqgrp pdwfklqj/ dqg wkh ehkdylru ri

d vxffhvvixo djhqw pd| eh ohduqhg dqg lplwdwhg pruh vorzo| li vkh lv lvrodwhg1 L vkrz wkdw

zkhq djhqwv mxgjh wkhlu vwudwhjlhv e| wkhlu uhfhqw h{shulhqfh/ wkh odwwhu wzr h�hfwv grplqdwh/

lq vrph fdvhv suhyhqwlqj wkh srsxodwlrq iurp ohduqlqj dq h!flhqw htxloleulxp wkdw zrxog kdyh

ehhq uhdfkhg xqghu udqgrp pdwfklqj1 Lq frqwudvw/ zkhq djhqwv mxgjh vwudwhjlhv rq wkhlu orqj

whup shuirupdqfh/  h{leoh pdwfklqj dozd|v lpsuryhv orqj uxq sd|r�v dqg lq vrph fdvhv pdnhv

lw srvvleoh wr vxvwdlq sd|r�v kljkhu wkdq wkrvh lq dq| Qdvk htxloleulxp1 Wkhvh uhvxowv surylgh

hyroxwlrqdu| irxqgdwlrqv iru skhqrphqd olnh wkh shuvlvwhqfh ri jkhwwrv dqg wkh hphujhqfh ri

frrshudwlyh ehkdylru1

P| prgho irfxvhv rq odujh srsxodwlrqv lq zklfk djhqwv duh uhshdwhgo| pdwfkhg wr sod| d

5�5 jdph1 Pdwfklqj lv udqgrp/ exw vrphwlphv djhqwv duh jlyhq wkh fkdqfh wr frqwlqxh sod|lqj

djdlqvw hdfk rwkhu udwkhu wkdq uhpdwfklqj1 Dq djhqw ghflghv zkhwkhu wr uhqhz d pdwfk e|

frpsdulqj wkh sd|r� vkh uhfhlyhg lq wkdw pdwfk wr rwkhu sd|r�v wkdw vkh kdv uhfhlyhg lq wkh

sdvw1 Rqo| zkhq erwk djhqwv djuhh grhv d pdwfk kdyh d fkdqfh ri ehlqj uhqhzhg1 Rqh fdq

wklqn/ iru h{dpsoh/ ri �upv uhqhzlqj d frqwudfw wkdw kdv ehhq sur�wdeoh/ ru ri dfdghplfv zkr

frqwlqxh wr frooderudwh diwhu rqh mrlqw surmhfw kdv jrqh zhoo1

Phdqzkloh/ dw d vorzhu udwh/ djhqwv fdq dgmxvw wkhlu vwudwhjlhv1 Wklv dgmxvwphqw surfhvv

kdv wzr vwhsv1 Djhqwv ohduq derxw gl�huhqw vwudwhjlhv e| revhuylqj dqg wdonlqj wr wkh djhqwv

wkh| phhw lq wkh pdwfklqj surfhvv1 Wkurxjk wklv lqwhudfwlrq/ dq djhqw vrphwlphv ohduqv khu

rssrqhqw*v dvvhvvphqw ri klv vwudwhj| � wkdw lv/ vkh ohduqv derxw vrph ri wkh sd|r�v kh kdv

uhfhlyhg lq wkh sdvw1 Li wkh vwudwhj| kh lv sod|lqj lv gl�huhqw iurp khu rzq/ vkh frpsduhv wkh

shuirupdqfh ri wkh wzr vwudwhjlhv/ xvlqj khu rzq sdvw sd|r�v/ dqg dgrswv wkh vwudwhj| wkdw

dsshduv wr eh shuiruplqj ehwwhu1 Rqh pd| lqwhusuhw wkh vorz udwh ri dgmxvwphqw wr uh hfw

lpsolflw iulfwlrq lq fkdqjlqj vwudwhjlhv/ shukdsv ehfdxvh vwudwhjlhv lqyroyh �{hg lqyhvwphqwv ru

ehfdxvh sduwlfxodu ehkdylruv duh kdelw0iruplqj1

Lq p| vwdqgdug prgho/ dq djhqw dvvhvvhv khu vwudwhjlhv p|rslfdoo|/ frqvlghulqj rqo| wkh

sd|r� vkh uhfhlyhg lq wkh pdwfk lpphgldwho| ehiruh khu fxuuhqw rqh1 Lq wklv frqwh{w/ doorzlqj

djhqwv wr h{whqg jrrg pdwfkhv kdv uhvxowv wkdw pljkw dsshdu vxusulvlqj1 P| �uvw uhvxow vkrzv

wkdw lq frruglqdwlrq jdphv/  h{leoh pdwfklqj h{sdqgv wkh vhw ri lqlwldo frqglwlrqv iurp zklfk

wkh g|qdplfv frqyhujh wr wkh ulvn grplqdqw htxloleulxp/ hyhq li lw lv qrw h!flhqw1 Lq vwdj kxqw

jdphv wkh uhvxowv duh hyhq vwurqjhu= wkh g|qdplfv wlow wrzdug wkh lqh!flhqw htxloleulxp dqg

dozd|v vhohfw lw dv wkh fkdqfh ri h{whqglqj d jrrg pdwfk jurzv odujh14

Wkh lqwxlwlrq ehklqg wkhvh uhvxowv lv ehvw suhvhqwhg lq dq h{dpsoh1 Wklqn ri prohfxodu

elrorjlvwv uhshdwhgo| frooderudwlqj rq surmhfwv lq sdluv1 Hdfk elrorjlvw vshfldol}hv lq rqh ri wzr

4Xqiruwxqdwho|/ wkhuh lv vrphwklqj ri d frruglqdwlrq sureohp ryhu zkdw wkh whupv �frruglqdwlrq jdph� dqg
�vwdj kxqw jdph� phdq1 P| gh�qlwlrqv duh suhvhqwhg zlwk wkh prgho lq Vhfwlrq 51
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uhvhdufk whfkqltxhv= xvlqj qhzidqjohg sro|phudvh fkdlq uhdfwlrqv +SFU, ru xvlqj vwdqgdug whvw

wxeh phwkrgv +WW ,1 SFU lv wkh pruh h!flhqw whfkqltxh zkhq erwk ri wkh sdluhg uhvhdufkhuv

xvh lw/ exw lw lv iudjloh= zkhq d SFU uhvhdufkhu zrunv zlwk d uhvhdufkhu wudlqhg lq vwdqgdug

phwkrgv/ wkh odwwhu lv olnho| wr exqjoh wklqjv wkdw wkh iruphu zloo kdyh wr �{1 Vwdqgdug whvw

wxeh phwkrgv surgxfh ohvv vshfwdfxodu uhvxowv exw duh pruh urexvw wr wkhvh plvpdwfkhv1 Wkh

sd|r�v duh vxppdul}hg e| wkh iroorzlqj frruglqdwlrq jdph zlwk +sxuh vwudwhj|, Qdvk htxloleuld

dw +SFU>SFU, dqg +WW>WW ,/ zkhuh +SFU>SFU, lv h!flhqw exw +WW>WW , lv ulvn grplqdqw=5

SFU WW

SFU 7> 7 3> 5

WW 5> 3 6> 6

Zkhq pdwfklqj lv udqgrp/ xvlqj SFU uhvhdufkhuv hduq kljkhu dyhudjh sd|r�v suhflvho| zkhq

wkh iudfwlrq ri SFU uhvhdufkhuv lv juhdwhu wkdq 6@81 Hdfk w|sh ri uhvhdufkhu ohduqv wkh sd|r�

wr wkh rwkhu whfkqltxh/ dqg wkh phfkdqlfv ri krz wr xvh lw/ e| zrunlqj zlwk uhvhdufkhuv zkr

fxuuhqwo| xvh lw/ vr wkh srsxodwlrq guliwv lq wkh gluhfwlrq ri zklfkhyhu whfkqltxh lv fxuuhqwo|

hduqlqj kljkhu uhwxuqv1

Zkhq uhvhdufkhuv kdyh wkh rswlrq wr uhqhz pdwfkhv/ wkh| zloo wu| wr h{whqg surmhfwv zlwk

rwkhu uhvhdufkhuv xvlqj wkh vdph whfkqltxh/ vr wkh dyhudjh sd|r� wr hdfk whfkqltxh zloo ulvh

uhodwlyh wr udqgrp pdwfklqj � pruh vr iru SFU zklfk kdv pruh wr jdlq iurp frruglqdwlrq1

Krzhyhu/ wkhuh lv dqrwkhu fkdqjh wkdw lv fuxfldo1 Iluvw/ pdwfklqj ehfrphv vhuldoo| fruuhodwhg=

ehfdxvh ri wkh srvvlelolw| ri uhqhzdo/ elrorjlvwv lq SFU � SFU pdwfkhv duh pruh olnho| wkdq

dyhudjh wr kdyh ehhq lq SFU�SFU pdwfkhv uhfhqwo| +dqg vlploduo| iru elrorjlvwv lq WW �WW

pdwfkhv,/ zkloh elrorjlvwv lq SFU � WW pdwfkhv duh pruh olnho| wkdq dyhudjh wr kdyh frph

iurp �pl{hg� pdwfkhv +ehfdxvh rwkhu elrorjlvwv xvlqj wkh vdph whfkqltxh duh olnho| wr eh orfnhg

xs lq orqj0whup pdwfkhv,1 Rqo| elrorjlvwv lq wkhvh pl{hg pdwfkhv duh h{srvhg wr d gl�huhqw

whfkqltxh/ dqg ehfdxvh ri wklv vhuldo fruuhodwlrq/ wkhvh elrorjlvwv whqg wr kdyh vhhq wkh zruvw

vlgh ri wkhlu rzq phwkrgv odwho|1 Dv d uhvxow/ ohduqlqj idyruv wkh vwdqgdug phwkrg ehfdxvh lw lv

pruh urexvw wr plvfrruglqdwlrq1 Wkh elrorjlvwv wkdw frxog dwwhvw wr wkh ehqh�wv ri xvlqj SFU

uhds wkrvh ehqh�wv ehfdxvh wkh| duh lvrodwhg iurp elrorjlvwv xvlqj WW � zklfk lv suhflvho| zk|

elrorjlvwv xvlqj WW uduho| ohduq iurp wkhp1

Li wkh sd|r�v wr xvlqj WW duh uhyhuvhg/ vr wkdw elrorjlvwv xvlqj vwdqgdug phwkrgv gr ehwwhu

zrunlqj zlwk froohdjxhv xvlqj wkh pruh dgydqfhg SFU whfkqltxh/ wkdq wkh| gr zlwk hdfk rwkhu/

5D vwudwhj| lq d v|pphwulf 2 f 2 jdph lv ulvn grplqdqw li lw lv d ehvw uhvsrqvh wr d Df 3 Df pl{wxuh e|
rqh*v rssrqhqw1 Lq wklv frqwh{w/ dq htxloleulxp lv ulvn grplqdqw li lw kdv erwk djhqwv sod|lqj wkh ulvn grplqdqw
vwudwhj|1
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wkhq zh kdyh d vwdj kxqw jdph=

SFU WW

SFU 7> 7 3> 6

WW 6> 3 5> 5

Qrz/ WW uhvhdufkhuv zrxog olnh wr uhqhz pdwfkhv zlwk SFU uhvhdufkhuv/ exw duh vsxuqhg e|

wkhp1 Ehfdxvh uhqhzdo ghflvlrq uhtxluh mrlqw dssurydo/ SFU uhvhdufkhuv duh vwloo deoh wr lvrodwh

wkhpvhoyhv1 Krzhyhu/ zkhq d SFU uhvhdufkhu grhv �qg khuvhoi ehwzhhq jrrg pdwfkhv/ wkh

zdlwlqj wlph wr �qg dqrwkhu froohdjxh xvlqj SFU zloo eh orqj ehfdxvh vkh pxvw vfuhhq wkurxjk

pdq| WW uhvhdufkhuv �uvw � pruh wkdq lq wkh �uvw h{dpsoh/ ehfdxvh qrz qrqh ri wkh vwdqgdug

phwkrgv shrsoh zloo eh orfnhg xs lq orqj0whup pdwfkhv zlwk hdfk rwkhu1 Dv d uhvxow/ zkhq

vkh phhwv dqg frpsduhv qrwhv zlwk vrphrqh xvlqj vwdqgdug phwkrgv/ vkh lv pruh olnho| wkdq

ehiruh wr kdyh ghdow zlwk WW w|shv uhfhqwo|/ vr vkh zloo eh pruh olnho| eh glvfrxudjhg zlwk wkh

shuirupdqfh ri khu whfkqltxh dqg sdvv rq qhjdwlyh lqirupdwlrq lw1 Wkxv/ surolihudwlrq ri wkh

pruh h!flhqw whfkqltxh zloo eh hyhq ohvv olnho| lq wkh orqj uxq1

Wkh qh{w uhvxowv duh rq wkh vshhg ri ohduqlqj1 Ehfdxvh ohduqlqj ghshqgv rq lqwhudfwlrq

ehwzhhq djhqwv xvlqj gl�huhqw vwudwhjlhv/  h{leoh pdwfklqj kdv wkh srwhqwldo wr hlwkhu dffhohudwh

ru vorz ohduqlqj/ ghshqglqj rq zkhwkhu djhqwv fkrrvh wr vshqg pruh ru ohvv wlph lq furvv0

vwudwhj| lqwhudfwlrq1 Zkhq ohduqlqj lv vorz/ frqyhujhqfh wr d uhvw srlqw pd| qrw kdsshq

zlwklq dq| uhdvrqdeoh wlph iudph/ dqg wkh v|vwhp pd| eh ehwwhu fkdudfwhul}hg e| lwv phglxp

uxq ehkdylru1 L vkrz wkdw lq frruglqdwlrq jdphv/ djhqwv xvlqj wkh ohvv h!flhqw vwudwhj| zloo

eh �jkhwwrl}hg� lq wkh phglxp uxq � iru hqgrjhqrxv uhdvrqv wkh| duh doprvw qhyhu h{srvhg wr

wkh vxffhvv ri wkh h!flhqw vwudwhj|1 Iru h{dpsoh/ wkrvh ri p| elrorjlvwv zkr kdyh ohduqhg wkh

qhz/ pruh h!flhqw SFU whfkqltxh duh qrw lqwhuhvwhg lq frooderudwlqj zlwk WW w|shv wr khos

wkhp ohduq derxw d ehwwhu phwkrg � rq wkh frqwudu|/ wkh| dyrlg wkhp ohvw wkhlu h{shulphqwv eh

exqjohg/ frqvljqlqj wkh WW uhvhdufkhuv wr zrun pdlqo| zlwk hdfk rwkhu dqg ohduq derxw qhz

ghyhorsphqwv rqo| vorzo|1

L qh{w frqvlghu dq h{whqvlrq/ wkh orqj phpru| prgho1 Lq wklv prgho/ dq djhqw xvhv d orqj

vwuhdp ri sdvw sd|r�v wr dvvhvv khu vwudwhj|/ udwkhu wkdq khu prvw uhfhqw sd|r�/ exw rwkhuzlvh/

wkh vshfl�fdwlrq ri wkh prgho lv wkh vdph1 Lq wklv prgho/  h{leoh pdwfklqj kdv gudpdwlfdoo|

gl�huhqw lpsolfdwlrqv iru wkh orqj uxq1 Ioh{lelolw| lqfuhdvhv wkh fkdqfh wkdw wkh srsxodwlrq

zloo frqyhujh wr d pruh h!flhqw uhvw srlqw lq doo 5� 5 jdphv1 Ixuwkhupruh/ zkhq pdwfklqj lv

 h{leoh hqrxjk/ d grplqdwhg exw vrfldoo| h!flhqw vwudwhj|/ vxfk dv frrshudwlrq lq wkh sulvrqhu*v

glohppd/ fdq vxuylyh lq wkh orqj uxq1 Dv pdwfklqj ehfrphv frpsohwho|  h{leoh/ L rewdlq d

vhohfwlrq uhvxow= lq wkh orqj uxq djhqwv dozd|v hduq wkh juhdwhvw orzhu sd|r� lq wkh jdph

+wkdw lv/ wkh pd{lpxp ryhu wkh ohvvhu ri wkh wzr sd|r�v hduqhg dw hdfk sur�oh ri dfwlrqv,1

Lq sduwlfxodu/ wkh h!flhqw htxloleulxp lv vhohfwhg lq frruglqdwlrq jdphv/ dqg frrshudwlrq lv
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vhohfwhg lq wkh sulvrqhu*v glohppd1

Wkh gl�huhqw uhvxowv dulvh ehfdxvh zkhq djhqwv kdyh orqj phprulhv/ wkhlu dvvhvvphqwv dy0

hudjh rxw wkh f|folfdolw| ri sd|r�v1 Lq wkh odqjxdjh ri wkh hduolhu h{dpsoh/ wklv phdqv wkdw

SFU uhvhdufkhuv fxuuhqwo| plvpdwfkhg zlwk WW uhvhdufkhuv duh qr ohvv vdqjxlqh derxw wkhlu

whfkqltxh wkdq zhoo0pdwfkhg SFU uhvhdufkhuv/ ehfdxvh erwk jurxsv kdyh vlplodu orqj uxq h{sh0

ulhqfhv1 Wklv whqgv wr glvwulexwh jrrg qhzv derxw wkh h!flhqw whfkqltxh/ zklfk lq wkh vwdqgdug

prgho zdv orfnhg xs lq SFU�SFU pdwfkhv/ pruh hyhqo| dfurvv wkh srsxodwlrq1 Zkhq wklv

eldv lq ohduqlqj lv uhpryhg/ wkh pdlq h�hfw ri wkh rswlrq wr uhqhz pdwfkhv lv wr jlyh djhqwv dq

lqvwuxphqw zlwk zklfk wr frruglqdwh rq h!flhqw vwudwhjlhv dqg dyrlg lqh!flhqw dqg suhgdwru|

rqhv/ wkxv prylqj wkh g|qdplfv lq wkh gluhfwlrq ri kljkhu orqj uxq sd|r�v1

Krzhyhu/ wkhvh uhvxowv frph zlwk d fdyhdw dwwdfkhg= wkh vshhg ri ohduqlqj h�hfwv lq wkh

vwdqgdug prgho fduu| ryhu zkrohvdoh wr wkh orqj phpru| prgho1 Dv d uhvxow/ wkh vdoxwdu| orqj

uxq h�hfwv ri  h{lelolw| zkhq djhqwv kdyh orqj phprulhv pd| frph dw wkh frvw ri d orqj shulrg

ri jkhwwrl}dwlrq1

P| h{dpsoh ri elrorjlvwv jkhwwrl}lqj froohdjxhv zkr kdyh qrw |hw ohduqhg d qhz whfkqltxh

ohqgv lwvhoi zhoo wr wkh sdluzlvh lqwhudfwlrq vwuxfwxuh ri p| prgho/ exw wkh h�hfwv ghvfulehg

kdyh zlgh dssolfdelolw|1 L zloo mxvw flwh d ihz h{dpsohv=

� Ilupv pd| qrw eh h{srvhg wr dq lqqrydwlrq wkdw frxog vwuhdpolqh wkhlu vxsso| fkdlqv

ehfdxvh vxssolhuv dqg fxvwrphuv zkr kdyh dgrswhg lw �qg lw lqh!flhqw wr zrun zlwk �upv

wkdw kdyh qrw1

� Dgrohvfhqwv lq srru qhljkerukrrgv pd| irup vnhzhg eholhiv derxw wkh uhwxuqv wr hgxfdwlrq

li vxffhvvixo vwxghqwv kdyh lqfhqwlyhv wr ohdyh wkh qhljkerukrrg exw wkrvh zkr idlo frph

edfn wr uhodwh wkhlu h{shulhqfh1

� D srru whqqlv sod|hu pd| �qg lw gl!fxow wr lpsuryh klv jdph ehfdxvh pruh wdohqwhg

sod|huv zrxog udwkhu sod| zlwk shrsoh rq wkhlu rzq ohyho1

Lq hdfk ri wkhvh fdvhv/ iurp wkh prphqwrxv wr wkh pxqgdqh/ wkh zlghvsuhdg orqj uxq

dgrswlrq ri dq h!flhqw vwudwhj| pd| eh klqghuhg ru suhyhqwhg udwkhu wkdq khoshg e| jlylqj

djhqwv pruh frqwuro ryhu zkr wkh| lqwhudfw zlwk1 P| prgho vkrxog vkhg lqvljkw rq d eurdg

fodvv ri wkhvh vruwv ri vlwxdwlrqv1

Wklv sdshu olhv dw d furvvurdgv1 D vxevwdqwldo olwhudwxuh iroorzv wkh vhplqdo frqwulexwlrqv

ri Ndqgrul/ Pdlodwk/ dqg Ure +4<<6, +khuhdiwhu NPU, dqg \rxqj +4<<6,/ dprqj rwkhuv/ lq

dwwhpswlqj wr h{sodlq htxloleulxp vhohfwlrq lq odujh srsxodwlrqv e| prgholqj djhqwv* vwudwhjlhv

dv dq dgdswlyh g|qdplfdo v|vwhp/ zkloh xvxdoo| dvvxplqj wkdw pdwfklqj lv h{rjhqrxv1 Lq

frqwudvw/ wkh olwhudwxuh rq vhdufk dqg pdwfklqj h{soruhv wkh lpsolfdwlrqv ri jlylqj djhqwv ydu|lqj

dprxqwv ri frqwuro ryhu zkr wkh| lqwhudfw zlwk exw w|slfdoo| wdnhv wkhlu w|shv wr eh �{hg1 Lq

8



jlylqj p| djhqwv erwk ri wkhvh vwudwhjlf fkrlfhv � wkh| fdq fkdqjh wkhlu vwudwhjlhv dqg fkdqjh

wkhlu sduwqhuv � L zloo uho| rq lqvljkw jduqhuhg iurp erwk ri wkhvh olwhudwxuhv1

Wkh forvhvw prghov wr plqh lq wkh hyroxwlrqdu| jdph wkhru| olwhudwxuh duh Ho| +4<<9, dqg

Vhwkl +4<<;,1 Ho| pdnhv wkh srlqw wkdw zkhq djhqwv kdyh erwk d kljk ghjuhh ri frqwuro ryhu

zkr wkh| lqwhudfw zlwk dqg jrrg lqirupdwlrq derxw wkh vwdwh ri sod|/ wkh| fdq lghqwli| dqg

vhohfwlyho| pdwfk zlwk djhqwv sod|lqj h!flhqwo|/ wkxv pdnlqj h!flhqw sod| urexvw1 P| prgho

dovr hqgrjhql}hv lqwhudfwlrq/ exw lq d txlwh gl�huhqw zd|= p| djhqwv zloo rqo| jdwkhu dqg dfw

rq lqirupdwlrq orfdoo| +wkurxjk wkh djhqwv wkh| lqwhudfw zlwk,1 Qrw vxusulvlqjo|/ wkh vshfwuxp

ri ehkdylru suhglfwhg e| p| prgho zloo eh txlwh gl�huhqw> lq sduwlfxodu/ wkh survshfwv iru

h!flhqf| duh jhqhudoo| pxfk eohdnhu1 Vhwkl vwxglhv dq hyroxwlrqdu| prgho lq zklfk wkh udwh

dw zklfk d vwudwhj| lv dgrswhg ghshqgv qrw rqo| rq lwv sd|r� exw dovr rq krz kdug lw lv wr

ohduq1 Kh ghprqvwudwhv zlwk d vhulhv ri frxqwhuh{dpsohv wkdw vhyhudo zhdwkhuhg uhvxowv ri wkh

hyroxwlrqdu| olwhudwxuh fdq idlo lq wklv fdvh1 L zkrohkhduwhgo| frqfxu zlwk klv hpskdvlv rq

wklqnlqj pruh frqfuhwho| derxw krz vwudwhjlhv duh ohduqhg> p| prgho dgydqfhv wklv djhqgd e|

vkrzlqj krz wkh gl!fxow| ri ohduqlqj gl�huhqw vwudwhjlhv fdq hphujh hqgrjhqrxvo| iurp wkh

ghflvlrqv ri lqglylgxdo djhqw derxw zkr wr lqwhudfw zlwk1 P| vshfl�fdwlrq ri ohduqlqj lv vlplodu

lq vslulw wr uhfhqw prghov ri vrfldo ohduqlqj olnh Hoolvrq dqg Ixghqehuj +4<<6 dqg 4<<8, dqg

Edod dqg Jr|do +4<<;,/ dqg rqh frxog orrvho| lqwhusuhw p| prgho dv ghvfulelqj vrfldo ohduqlqj

ri dq dfwlylw| zlwk vslooryhuv1 Ilqdoo|/ wklv zrun lv prwlydwhg lq sduw e| wkh hpslulfdo olwhudwxuh

rq qhljkerukrrg h�hfwv> lq fhuwdlq fdvhv/ p| prgho zloo jhqhudwh wkh vruw ri vwudwl�fdwlrq wkdw

wklv olwhudwxuh glvfxvvhv1

Wkh uhvw ri wkh sdshu surfhhgv dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1 Vhfwlrq 6

ghulyhv uhvxowv xqghu  h{leoh pdwfklqj iru vhyhudo fodvvhv ri 5 � 5 jdphv1 Vhfwlrq 7 suhvhqwv

dq h{whqvlrq lq zklfk djhqwv kdyh orqj wlph krul}rqv dqg vkrzv wkdw wkh uroh ri  h{lelolw| lq

idflolwdwlqj frruglqdwlrq lv uhfryhuhg1 Lq vrph fdvhv/ frrshudwlyh rxwfrphv rxwvlgh ri wkh vhw

ri vwdwlf Qdvk htxloleuld duh vxvwdlqhg lq wkh orqj uxq1 Vhfwlrq 8 glvfxvvhv wkh uhvxowv lq wkh

frqwh{w ri uhodwhg zrun dqg Vhfwlrq 9 frqfoxghv1

5 Wkh Prgho

Wkh xqghuo|lqj jdph kdv wzr sod|huv zlwk lghqwlfdo vwudwhj| vhwv V @ iK>Oj dqg v|pphwulf

sd|r�v �
��

/ l> m 5 V/ jlyhq e| wkh jdph irup ehorz/ zkhuh �
uu

kdv ehhq qrupdol}hg wr 31

K O

K d> d f> g

O g> f 3> 3

Wkurxjkrxw wkh sdshu L zloo uhtxluh wkhvh sd|r�v wr eh jhqhulf=

9



Frqglwlrq 4 +JS , Qr wzr sd|r�v duh htxdo= d 9@ f/ f 9@ g/ dqg d 9@ g1

Dgglwlrqdoo|/ L zloo dozd|v wdnh d A 3 zlwkrxw orvv ri jhqhudolw|/ vr wkdw +K>K, Sduhwr

grplqdwhv +O>O,1

Wkhuh lv d frqwlqxxp ri djhqwv +ri phdvxuh 4, zkr duh uhshdwhgo| pdwfkhg lq sdluv wr sod|

wkh jdph deryh lq frqwlqxrxv wlph1 +Vr wkh sd|r�v olvwhg deryh duh  rz sd|r�v1, Dw wlph

w/ wkh phdvxuh ri djhqwv sod|lqj vwudwhj| l lv {|
�

/ zlwk {| @ +{|
M

> {|
u

,1 Iulfwlrq lq fkdqjlqj

vwudwhjlhv phdqv wkdw {| dgmxvwv vorzo|/ dqg iru euhylw| L zloo vrphwlphv uhihu wr djhqwv ri w|sh

l zkhq L phdq djhqwv fxuuhqwo| sod|lqj l> lw vkrxog eh fohdu wkdw wkhvh �w|shv� duh e| qr phdqv

shupdqhqw1

Hdfk djhqw irupv dq dvvhvvphqw ri wkh uhwxuqv vkh h{shfwv iurp xvlqj khu fxuuhqw vwudwhj|>

wklv lv khu fxuuhqw shufhlyhg sd|r�1 L dvvxph wkdw dq djhqw*v shufhlyhg sd|r� lv htxdo wr wkh

 rz sd|r� vkh uhfhlyhg lq khu odvw pdwfk ehiruh wkh fxuuhqw rqh1 Wklv dvvxpswlrq fdswxuhv

wkh lghd wkdw vkh edvhv khu h{shfwdwlrqv rq khu uhfhqw h{shulhqfhv zlwk wkh vwudwhj|1 Wkhuh

duh vhyhudo uhdvrqv wkdw djhqwv pd| ehkdyh wklv zd|1 Iru h{dpsoh/ wkh| pd| eh p|rslf ru

kdyh olplwhg phpru|1 Ru hyhq li wkh| fduh derxw wkh ixwxuh/ wkh| pd| grxew wkhlu delolw| wr

suhglfw lw dffxudwho| dqg vr vhwwoh iru pdnlqj idluo| dffxudwh vkruw uxq iruhfdvwv edvhg rq wkh

uhfhqw sdvw1 Wkh vhw ri srvvleoh shufhlyhg sd|r�v lv id> fj iru djhqwv sod|lqj K dqg i3> gj iru
djhqwv sod|lqj O/ dqg L ghqrwh e| ��

�

wkh shufhlyhg sd|r� ri dq djhqw sod|lqj vwudwhj| l zlwk

klvwru| k +wkdw lv/ zkrvh odvw rssrqhqw sod|hg k 5 iK>Oj,1
Wkh ixoo prgho frqvlvwv ri wzr dgglwlrqdo hohphqwv= d pdwfklqj surfhvv +PS, wkdw ghvfulehv

krz djhqwv f|foh lqwr dqg rxw ri pdwfkhv/ dqg dgdswlyh g|qdplfv +DG, wkdw ghvfuleh krz djhqwv

ohduq derxw gl�huhqw vwudwhjlhv dqg vrphwlphv vzlwfk wr wkhp1 L ghvfuleh wkhvh lq wxuq1

514 Wkh Pdwfklqj Surfhvv

L gh�qh wkh vwdwh ri pdwfklqj p| @ +p|

MM

>p|

Mu

>p|

uM

>p|

uu

,/ zkhuh p|

��

lv wkh phdvxuh ri

djhqwv ri w|sh l fxuuhqwo| pdwfkhg zlwk rssrqhqwv ri w|sh m1 Zh kdyh p|

�M

.p|

�u

@ {|
�

dqgS
�c�

p|

��

@ 4/ vr djhqwv duh qhyhu xqpdwfkhg1 Ixuwkhupruh/ zh kdyh p|

Mu

@ p|

uM

ehfdxvh

pdwfklqj lv rqh0wr0rqh1 Wrjhwkhu/ wkhvh lpso| wkdw iru jlyhq srsxodwlrq vkduhv {|/ wkh vwdwh

ri pdwfklqj fdq eh frpsohwho| fkdudfwhul}hg e| p|

Mu

/ wkh phdvxuh ri djhqwv ri hdfk w|sh lq

pl{hg pdwfkhv1 Djhqwv zloo frqwuro pdwfklqj hqwluho| wkurxjk wkh rswlrq wr uhqhz pdwfkhv

wkdw erwk djhqwv duh sohdvhg zlwk1 Wkh pdwfklqj surfhvv zrunv lq wkh iroorzlqj zd|1 Doo

pdwfkhv glvvroyh lqghshqghqwo| dw Srlvvrq udwh �1 Zkhq d pdwfk glvvroyhv/ wzr wklqjv kdsshq

lqvwdqwdqhrxvo| ehiruh wkh djhqwv duh uhpdwfkhg1 Iluvw/ hdfk ri wkh wzr djhqwv fkrrvhv hlwkhu

wr uhqhz wkh pdwfk ru wr h{lw1 Wkhvh ghflvlrqv duh vlpxowdqhrxv dqg lqghshqghqw1 Wkhq hdfk

djhqw*v shufhlyhg sd|r� lv xsgdwhg wr khu  rz sd|r� iurp wkh pdwfk wkdw mxvw hqghg1 Qh{w

wkh djhqwv duh uhpdwfkhg1 Li erwk rswhg wr uhqhz/ wkhq wkh| duh uhpdwfkhg wrjhwkhu zlwk

:



suredelolw| 4 � 4@v/ zkhuh v � 41 Li hlwkhu djhqw rswhg wr h{lw/ ru li erwk rswhg wr uhqhz

exw idlohg +zlwk suredelolw| 4@v,/ wkhq wkh djhqwv  rz lqwr d uhpdwfklqj srro frqvlvwlqj ri doo

ri wkh djhqwv zkrvh pdwfkhv mxvw hqghg dqg zhuh qrw vxffhvvixoo| uhqhzhg1 Wkhuh wkh| duh

lpphgldwho| dqg udqgrpo| uhpdwfkhg16 Iru qrz/ dvvxph wkdw doo djhqwv sod|lqj l pdnh wkh

vdph ghflvlrq derxw zkhwkhu wr uhqhz lm pdwfkhv/ iru doo l dqg m/ dqg wkdw wklv ghflvlrq lv

frqvwdqw ryhu wlph1 +Odwhu L zloo vkrz wklv wr eh wuxh zkhq djhqwv fkrrvh rswlpdoo|1, Wkhq zh

fdq zulwh �
��

iru wkh h{lw udwh dw zklfk phpehuv ri lm pdwfkhv  rz rxw ri xquhqhzhg pdwfkhv

dqg lqwr wkh uhpdwfklqj srro/ zkhuh �
��

wdnhv rqh ri wkh wzr ydoxhv � ru �@v1

L dvvxph wkdw vwudwhj| dgmxvwphqw lv pxfk vorzhu wkdq wkh pdwfklqj surfhvv/ vr wkdw {| fdq

eh wdnhq dv �{hg zkloh p| dgmxvwv wr lwv vwhdg| vwdwh17 Wkhq wkh vwdwh ri pdwfklqj hyroyhv

dffruglqj wr

bp|

��

@ ��
��

p|

��

. ||
�

||
�

\ |

+4,

Wkh �uvw whup uhsuhvhqwv wkh udwh dw zklfk lm pdwfkhv hqg1 Lq wkh vhfrqg whup/ ||
�

lv wkh wrwdo

 rz ri l*v lqwr uhpdwfklqj> ri wkhvh/ d iudfwlrq ||
�

@\ | uhpdwfk zlwk d m/ zkhuh \ | lv wkh wrwdo

 rz ri doo djhqwv lqwr uhpdwfklqj=
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@ �
MM
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MM
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Irxu htxdwlrqv duh ghvfulehg e| +4,/ exw ehfdxvh pdwfklqj lv frpsohwh dqg edodqfhg/ rqo| rqh

lv lqghshqghqw1 H{suhvvhg lq whupv ri bp|

Mu

/ pdwfklqj lv fkdudfwhul}hg e|

bp
Mu

@
+4� V,p2

Mu

�p
Mu

. {
M

{
u

G
+PS ,

6Ehfdxvh wkh phdvxuh ri djhqwv lq wkh uhpdwfklqj srro lv 3/ wkh odz ri odujh qxpehuv grhv qrw lpphgldwho|
hqvxuh hlwkhu wkdw wkh sursruwlrqv ri djhqwv ri hdfk w|sh lq wkh srro duh h{dfwo| jlyhq e| wkhlu  rz udwhv/ ru wkdw
udqgrp pdwfklqj zlwklq wkh srro surgxfhv h{dfwo| wkh h{shfwhg qxpehu ri pdwfkhv ri hdfk w|sh1 L pdnh wkh
frqyhqwlrq wkdw erwk ri wkhvh htxlydohqfhv krog1 Wklv dvvxpswlrq frxog eh uljrurxvo| ghulyhg e| vwduwlqj zlwk
d �qlwh qxpehu ri djhqwv dqg glvfuhwh wlph dqg wdnlqj olplwv lq wkh dssursuldwh rughu= �uvw ohwwlqj wkh qxpehu
ri djhqwv jr wr lq�qlw|/ dqg wkhq ohwwlqj shulrg ohqjwk jr wr }hur1

7Wklv dssurdfk doorzv ph wr zrun zlwk d rqh glphqvlrqdo v|vwhp vxemhfw wr d frqvwudlqw/ shuplwwlqj frpsohwh
dqdo|wlfdo uhvxowv wr eh ghulyhg1 L h{shfw wkdw d wzr glphqvlrqdo v|vwhp lq %| dqg 6| zrxog kdyh wkh vdph
txdolwdwlyh ihdwxuhv1
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dqg wlph vxshuvfulswv kdyh ehhq gursshg iru fodulw|1 Wkh qh{w sursrvlwlrq ghprqvwudwhv wkdw

kroglqj {| �{hg/ pdwfklqj frqyhujhv wr d vwhdg| vwdwh1

Sursrvlwlrq 4 +PS , kdv d joredoo| dv|pswrwlfdoo| vwdeoh vwhdg| vwdwh pW+{> V, jlyhq e|

pW
Mu

+{> V, @

s
4 . 7+V � 4,{

M

{
u

� 4

5+V � 4,

pW
MM

+{> V, @ {
M

�pW
Mu

pW
uu

+{> V, @ {
u

�pW
Mu

Surri1 Dsshqgl{1
Zkhuh wkh ghshqghqfh ri wkh vwhdg| vwdwh rq { dqg V grhv qrw qhhg wr eh hpskdvl}hg/ L

zloo vrphwlphv zulwh mxvw pW1

515 Wkh fkrlfh wr h{lw ru uhqhz

Qrz L vshfli| krz djhqwv ghflgh zkhwkhu wr uhqhz ru qrw dqg vkrz wkdw wkh fkdudfwhul}dwlrq

deryh zloo eh frqvlvwhqw zlwk wkhlu fkrlfhv1 Dq djhqw rswv wr uhqhz pdwfkhv lq zklfk vkh

hduqv wkh odujhu ri wkh wzr sd|r�v wr khu vwudwhj| dqg h{lwv iurp pdwfkhv lq zklfk vkh hduqv

wkh ohvvhu ri wkh wzr sd|r�v1 Wkh prwlydwlrq lv wkdw dq djhqw hduqlqj khu zruvw sd|r� dozd|v

h{shfwv wr gr dw ohdvw zhdno| ehwwhu rxwvlgh khu fxuuhqw pdwfk/ zkloh dq djhqw hduqlqj khu ehvw

sd|r� h{shfwv wr gr zhdno| zruvh1 Zlwk wkhvh ghflvlrq uxohv/ wkh h{lw udwh iurp dq lm pdwfk

ghshqgv rqo| rq wkh  rz sd|r�v d/ f/ dqg g/ dqg vr lv frqvwdqw dfurvv djhqwv dqg ryhu wlph dv

dvvxphg hduolhu1 Wkh h{lw udwhv duh jlyhq e|

�
MM

@ � +@ �@v, li d ? f +li d A f, +5,

�
uu

@ � +@ �@v, li g A 3 +li g ? 3,

�
Mu

@ � +@ �@v, li d A f ru g ? 3 +li f A d dqg g A 3,

Wkh iroorzlqj jdph irupv looxvwudwh krz wklv ghflvlrq uxoh lv h{huflvhg1 Lq hdfk jdph/

sdlulqjv wkdw duh qrw uhqhzhg duh  djjhg zlwk dq U/ d F/ ru erwk/ ghshqglqj rq zkr rswv wr

h{lw � wkh urz sod|hu/ wkh froxpq sod|hu/ ru erwk1
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+D, +E, +F,

516 Dgdswlyh G|qdplfv

L frpsohwh wkh ghvfulswlrq ri wkh prgho e| vshfli|lqj krz djhqwv ohduq derxw gl�huhqw vwudwhjlhv

dqg krz wkh| fkdqjh vwudwhjlhv1 P| djhqwv zloo ohduq derxw vwudwhjlhv wkh| duh qrw fxuuhqwo|

sod|lqj wkurxjk h{srvxuh wr wkhp1 Vshfl�fdoo|/ dw Srlvvrq udwh �/ wkh sduwqhuv lq d pdwfk ohduq

hdfk rwkhu*v shufhlyhg sd|r�1 Li erwk djhqwv duh sod|lqj wkh vdph vwudwhj|/ wkhq qhlwkhu wdnhv

dq| dfwlrq edvhg rq wklv lqirupdwlrq1 Krzhyhu/ li wkh djhqwv duh sod|lqj gl�huhqw vwudwhjlhv/

wkh djhqw zlwk wkh orzhu shufhlyhg sd|r� vzlwfkhv wr wkh vwudwhj| ri wkh djhqw zlwk wkh kljkhu

shufhlyhg sd|r� diwhu wkh fxuuhqw pdwfk hqgv zlwk suredelolw|
����&

�

� �,
�

��� @O +zkhuh �&
�

dqg �,
�

duh wkh shufhlyhg sd|r�v ri wkh wzr djhqwv/ dqg O lv d frqvwdqw juhdwhu wkdq wkh pd{lpxp

gl�huhqfh ehwzhhq sd|r�v1, Wkxv/ zh kdyh wkh iroorzlqj g|qdplfdo v|vwhp=
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, +6,

Khuh/ � @ �@O/ dqg p|+K
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, lv wkh phdvxuh ri pdwfkhv dw wlph w ehwzhhq djhqwv sod|lqj K

zlwk shufhlyhg sd|r� �&
M

dqg djhqwv sod|lqj O zlwk shufhlyhg sd|r� �,
u

1 Qrwh dovr wkdw �&
M

/

wkh shufhlyhg sd|r� ri dq djhqw zkrvh odvw rssrqhqw sod|hg n/ lv htxdo wr �
M&

/ wkh  rz sd|r�

wr sod|lqj K djdlqvw n1 Gh�qh pW+K
&

> O
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m{|> V, wr eh wkh ydoxh ri p|+K
&

> O
,

, lq wkh vwhdg|

vwdwh ri +PS ,1 Wkh dgdswlyh g|qdplfv duh gh�qhg e| +6,/ vxemhfw wr wkh frqvwudlqw wkdw +PS ,

dozd|v eh dw lwv vwhdg| vwdwh=
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Wklv irupxodwlrq hperglhv vhyhudo dvvxpswlrqv1 Iluvw/ vwudwhj| fkdqjh lv vorz1 Wkh

prgho uholhv rq wklv lq wzr zd|v= djhqwv fdqqrw fkdqjh vwudwhjlhv zlwklq d pdwfk/ dqg wkh

vwdwh ri pdwfklqj fdq eh dssur{lpdwhg e| lwv vwhdg| vwdwh1 Wkh �uvw lv fuxfldo> li pdwfkhg

djhqwv fdq txlfno| uhqhjrwldwh wr h!flhqw sod|/ wkhq wkh frruglqdwlrq sureohp lv prrw1 Wkh

vhfrqg lv sxuho| iru wudfwdelolw|> li zh zhuh wr lqvwhdg prgho wkh frhyroxwlrq ri p| dqg {| dv

d wzr glphqvlrqdo v|vwhp/ wkh txdolwdwlyh frqfoxvlrqv zrxog eh yhu| vlplodu1 Wkhuh duh pdq|

frqwh{wv lq zklfk vkruw uxq frpplwphqw wr vwudwhjlhv vhhpv sodxvleoh/ iru h{dpsoh li ehkdylru

lv kdelw0iruplqj ru li vwudwhjlhv lqyroyh lqyhvwphqw1

Vhfrqg/ ohduqlqj lv yhu| sulplwlyh1 Dq djhqw frqvlghuv rqo| wkh prvw uxglphqwdu| orfdo
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lqirupdwlrq zkhq pdnlqj ghflvlrqv � khu rzq sd|r� klvwru| dqg khu sduwqhu*v sd|r� klvwru| �

dqg xvhv wkdw lqirupdwlrq lq d yhu| vlpsoh zd|1 Dw �uvw jodqfh/ wklv dvvxpswlrq dsshduv erwk

dwwudfwlyh dqg gdqjhurxv1 Lw lv dwwudfwlyh ehfdxvh djhqwv duh qrw uhtxluhg wr nqrz dq|wklqj

derxw wkh jdph irup ru derxw wkh joredo glvwulexwlrq ri sod|/ vr qrqh ri wkh uhvxowv zloo ghshqg

rq djhqwv ehlqj +shukdsv xquhdvrqdeo|, zhoo0lqiruphg1 Wkh dssduhqw gdqjhu lv wkdw wkh uhvxowv

pd| eh gulyhq e| wdnlqj djhqwv* ghflvlrqv wr eh wrr vlpsoh dqg xqlqiruphg> L zloo dgguhvv wklv

frqfhuq lq Vhfwlrq 6161

6 Fkdudfwhul}dwlrq dqg Uhvxowv

Wklv vhfwlrq zloo zrun wkurxjk wkh lpsolfdwlrqv ri wkh prgho1 Iluvw/ L h{dplqh wkh ehqfkpdun

fdvh ri udqgrp pdwfklqj dqg vkrz wkdw wkh g|qdplfv froodsvh wr d idploldu zrunkruvh ri hyrox0

wlrqdu| jdph wkhru|/ wkh uhsolfdwru g|qdplfv1 Wkhq/ diwhu ghyhorslqj vrph lqwhuphgldwh uhvxowv

derxw vwhdg| vwdwh pdwfklqj/ L ghprqvwudwh wkdw wkh v|vwhp zlwk  h{leoh pdwfklqj fdq eh dq0

do|}hg e| orrnlqj dw d sdudooho v|vwhp lq zklfk pdwfklqj lv udqgrp exw wkh srsxodwlrq vkduhv

ri K dqg O duh eldvhg1 Wklv whfkqltxh lv xvhg wr fkdudfwhul}h wkh h�hfw ri  h{leoh pdwfklqj

iru vhyhudo fodvvhv ri jdphv1 Wkh uhvxowv h{whqg wkh lqwxlwlrq ghyhorshg lq wkh lqwurgxfwlrq>

iru h{dpsoh/ lq frruglqdwlrq jdphv/  h{lelolw| zloo idyru wkh ulvn grplqdqw htxloleulxp/ zkloh

lq vwdj kxqw jdphv/  h{lelolw| zloo idyru wkh lqh!flhqw htxloleulxp1

Wkh lqwhuhvwlqj dfwlrq lq +DG, dulvhv wkurxjk wkh srvvlelolw| wkdw wkh djhqwv zkr ohduq

iurp hdfk rwkhu kdyh v|vwhpdwlfdoo| gl�huhqw klvwrulhv wkdq wkh srsxodwlrq dw odujh1 Lq wklv

fdvh/ wkh g|qdplfv zloo qrw uh hfw wkh dyhudjh sd|r� gl�huhqfh ehwzhhq vwudwhjlhv ehfdxvh

glvsursruwlrqdwh zhljkw zloo eh sodfhg rq sduwlfxodu sd|r� gl�huhqfhv1 Wkh qh{w vhfwlrq

vkrzv wkdw wkh frqyhuvh lv wuxh= zkhq suhvhqfh lq d KO pdwfk lv xqfruuhodwhg zlwk rqh*v

sdvw pdwfkhv/ dv lv wkh fdvh xqghu udqgrp pdwfklqj/ wkh g|qdplfv fdq eh vxppdul}hg e| wkh

gl�huhqfh ehwzhhq dyhudjh sd|r�v1

Wkh UdqgrpPdwfklqj Ehqfkpdun Lq vwhdg| vwdwh xqghu udqgrppdwfklqj/ dq djhqw*v

fxuuhqw pdwfk lv xqlqirupdwlyh derxw khu klvwru| � wkh fkdqfh wkdw khu odvw rssrqhqw sod|hg

K lv dozd|v mxvw {|
M

1 Wkhq wkh suredelolw| wkdw wzr pdwfkhg djhqwv kdyh klvwrulhv n dqg o lv

mxvw {|
&

{|
,

/ uhjdugohvv ri wkhlu fxuuhqw vwudwhjlhv/ vr lq sduwlfxodu/ wkh iudfwlrq ri KO pdwfkhv

zlwk klvwrulhv no lv mxvw {|
&

{|
,

/ dqg pW+K
&

> O
,

m{|> 4, @ {|
&

{|
,

pW
Mu

+{|> 4,1 Ixuwkhupruh/ wkh vwhdg|

vwdwh phdvxuh ri pl{hg pdwfkhv lv mxvw pW
Mu

+{|> 4, @ {|
M

{|
u

1 Xvlqj wkhvh idfwv +dqg gursslqj
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wkh wlph lqgh{,/ zh fdq uhzulwh +DG,=

b{
M

@ �pW
Mu

[
&MtMcu�

[
,MtMcu�

{
&

{
,

+�
M&

� �
u,

, +7,

@ �pW
Mu

+
[

&MtMcu�

{
&

�
M&

+{
M

. {
u

,�
[

,MtMcu�

{
,

�
u,

+{
M

. {
u

,,

@ �pW
Mu

+�
M

� �
u

,

@ �{
M

{
u

+�
M

� �
u

, +8,

zkhuh �
M

@ {
M

�
MM

. {
u

�
Mu

dqg �
u

@ {
u

�
uu

. {
M

�
uM

duh wkh dyhudjh sd|r�v hduqhg

e| djhqwv xvlqj vwudwhjlhv K dqg O1 Lw lv lpsruwdqw wr uhfrjql}h wkdw qr djhqwv dfwxdoo|

xvh wkhvh dyhudjh sd|r�v zkhq pdnlqj d ghflvlrq1 Lqvwhdg/ djhqwv frpsduh wzr vkruw uxq

dvvhvvphqwv ri sd|r�v/ hdfk ri zklfk lv hlwkhu wrr rswlplvwlf ru wrr shvvlplvwlf zkhq ylhzhg

iurp wkh shuvshfwlyh ri dyhudjh sd|r�v1 Wkhq/ iurp wklv shuvshfwlyh/ vrph djhqwv zloo eh

vzlwfklqj vwudwhjlhv wrr hdjhuo|/ vrph qrw hdjhuo| hqrxjk/ dqg vrph pd| eh vzlwfklqj wr wkh

�zurqj� vwudwhj|1 Krzhyhu/ zkhq pdwfklqj lv udqgrp/ wkhvh h�hfwv whqg wr fdqfho rxw/ dqg

wkh djjuhjdwh g|qdplfv ghshqg rqo| rq dyhudjh sd|r�v18 Zulwlqj wkh dyhudjh sd|r� ryhu wkh

hqwluh srsxodwlrq dv �� @ {
M

�
M

.{
u

�
u

/ dqg revhuylqj wkdw �
M

��� @ {
u

+�
M

��
u

,/ +8, ehfrphv

b{
M

{
M

@ �+�
M

� ��, +9,

zklfk lv mxvw wkh idploldu uhsolfdwru g|qdplfv1 Zkhq wkh xqghuo|lqj jdph kdv sxuh vwudwhj|

htxloleuld dw +K>K, dqg +O>O,/ zh fdq gh�qh s @ �f@+d � f � g,/ wkh ydoxh ri {
M

dw zklfk

dyhudjh sd|r�v duh htxdol}hg1 Wkh uljkw0kdqg vlgh ri +8, lv wkhq frqwlqxrxv/ srvlwlyh zkhq

{
M

A s/ dqg qhjdwlyh zkhq {
M

? s/ vr wudmhfwrulhv wkdw ehjlq deryh s frqyhujh wr {
M

@ 4

+dq K0frqyhqwlrq, dqg wudmhfwrulhv wkdw ehjlq ehorz s frqyhujh wr {
M

@ 3 +dq O0frqyhqwlrq,1

Zkhq wkh jdph kdv dv|pphwulf sxuh vwudwhj| htxloleuld/ wkh pl{hg sur�oh dw {
M

@ s lv vwdeoh

dqg dwwudfwv doo lqwhulru wudmhfwrulhv1

Surshuwlhv ri Ioh{leoh Pdwfklqj Wkh iroorzlqj uhvxowv exlog lqwxlwlrq derxw wkh pdwfk0

lqj surfhvv xqghu  h{lelolw| dqg zloo eh xvhixo lq fkdudfwhul}lqj wkh prgho1 Xqohvv rwkhuzlvh

qrwhg/ wkh pdwfklqj surfhvv zloo eh dvvxphg wr eh dw lwv vwhdg| vwdwh lq wkh vhtxho/ vr L zloo

gurs wkh vxshuvfulsw vwdu dqg zulwh p+{|> V, ru mxvw p zkhuh dwwhqwlrq wr wkh dujxphqwv lv qrw

8Wklv ihdwxuh klqjhv rq wkh olqhdulw| ri wkh g|qdplfv lq sd|r�v1 Xqghu pdq| rwkhu fkrlfhv ri g|qdplfv +iru
h{dpsoh/ prvw yhuvlrqv ri ehvw uhso|,/ wklv zrxog qrw eh wuxh1 Wkhq wkhuh zrxog eh wzr h�hfwv glvwlqjxlvklqj
wkh v|vwhp zlwk  h{leoh pdwfklqj iurp rqh ghwhuplqhg e| djjuhjdwh dyhudjh sd|r�v= wkh sxuh vwrfkdvwlf h�hfw
ri edvlqj ohduqlqj rq lqglylgxdo sd|r�v/ dqg wkh dgglwlrqdo h�hfw vxssolhg e|  h{leoh pdwfklqj1 Dq dgydqwdjh
ri wklv vshfl�fdwlrq lv wkdw lw doorzv wkh odwwhu wr eh lvrodwhg1
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qhhghg1 Iurp +4,/ wkh vwhdg| vwdwh frqglwlrq lv
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1 Lw lv wkhq vwudljkwiruzdug
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Ghshqglqj rq wkh h{lw ghflvlrqv/ V zloo wdnh rqh ri wkh wkuhh ydoxhv iv2> v> 4@v2j1 Zkhq V

htxdov v2 ru v dw ohdvw rqh w|sh ri djhqw suhihuv wr h{lw iurp �pl{hg� pdwfkhv/ dv lq h{dpsohv

+D, dqg +E, deryh1 Lq wkhvh fdvhv/ dv pdwfklqj ehfrphv pruh  h{leoh +dv v jurzv odujhu,/ V

jurzv/ dqg wkh phdvxuh ri djhqwv lq pl{hg pdwfkhv vkulqnv1 Wkh fdvh V @ v uh hfwv d jdph olnh

+E, lq zklfk djhqwv ri w|shv K dqg O glvdjuhh derxw zkhwkhu wr h{lw pl{hg pdwfkhv1 Zh fdq

vhh iurp +;, wkdw wkh xqlodwhudo ghflvlrq wr h{lw grplqdwhv/ exw lw lv whpshuhg= pl{hg pdwfkhv

ghfolqh dw d vorzhu udwh zlwk v wkdq wkh| gr zkhq erwk w|shv dyrlg wkhp1 Rqh pljkw zrqghu

zk| wklv lv wuxh> diwhu doo/ lq wklv prgho d pdwfk grhv qrw glvvroyh dq| idvwhu li erwk sduwlhv

duh glvsohdvhg wkdq li rqh lv1 Wkh gl�huhqfh olhv lq wkh idfw wkdw wkh w|sh wkdw olnhv pl{hg

pdwfkhv +vd| djhqwv sod|lqj O, h{lwv iurp hyhu| pdwfk +vrphwlphv e| fkrlfh/ dqg vrphwlphv

qrw,1 Wklv phdqv wkdw O*v  rrg wkh uhpdwfklqj pdunhw1 Frqvhtxhqwo|/ dv K*v vorzo| h{lw

iurp KK pdwfkhv/ wkh| pxvw uxq d jdxqwohw ri O*v ehiruh �qglqj dqrwkhu jrrg pdwfk/ gulylqj

wkh udwh ri pl{hg pdwfkhv xs vrphzkdw1 Wkh qh{w ohppd irupdol}hv vhyhudo surshuwlhv ri wkh

pdwfklqj surfhvv wkdw zloo eh xvhixo1

Ohppd 4 Wkh iroorzlqj duh wuxh dw wkh vwhdg| vwdwh ri +PS ,=

41 p
Mu

@ 3 li {
M

@ 3 ru {
u

@ 31

51 p
Mu

lv lqfuhdvlqj lq {
M

{
u

/ dqg wkhuhiruh lqfuhdvlqj lq {
M

li {
M

? 4@5 dqg ghfuhdvlqj

lq {
M

li {
M

A 4@51
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61 p
Mu

@{
M

lv ghfuhdvlqj lq {
M

dqg p
Mu

@{
u

lv ghfuhdvlqj lq {
u

+vwulfwo| ghfuhdvlqj zkhq

{
M

{
u

A 3,1 Wkdw lv/ wkh iudfwlrq ri wlph vshqw sod|lqj djdlqvw wkh rwkhu vwudwhj| ghfuhdvhv

dv dq djhqw*v rzq vwudwhj| ehfrphv pruh suhydohqw1

71 olp
%�<fpMu

@{
�

@ 41 +Dv d vwudwhj| ydqlvkhv/ lw qhyhu sod|v djdlqvw lwvhoi1,

81 p
Mu

dqg p
Mu

@+{
M

{
u

, duh vwulfwo| ghfuhdvlqj lq V +zkhq {
M

{
u

A 3,1

91 olp
7<�pMu

@ {
M

{
u

:1 olp
7<"p

Mu

@ 3

;1 olp
7<fpMu

@ plqi{
M

> {
u

j

Surri1 Dsshqgl{
Sduwv 81 dqg :1 mxvw vwuhqjwkhq wkh lqwxlwlrq iurp wkh odvw sdudjudsk= li hlwkhu w|sh suhihuv

qrw wr uhqhz pl{hg pdwfkhv/ wkhq wkh vkduh ri pl{hg pdwfkhv ydqlvkhv dv pdwfklqj ehfrphv

frpsohwho|  h{leoh1 Vlploduo|/ Sduw ;1 vkrzv wkdw li erwk w|shv suhihu wr uhqhz pl{hg pdwfkhv

wkhq wkhlu vkduh lqfuhdvhv zlwk  h{lelolw| xqwlo hyhu| djhqw ri wkh vfdufhu w|sh lv lq d pl{hg

pdwfk1 Sduw 91 vkrzv wkdw pdwfklqj lv udqgrp dw V @ 41 Sduwv 61 dqg 71 pd| eh wkrxjkw ri

dv uhjxodulw| uhvxowv= doo djhqwv sod| pruh riwhq djdlqvw d sduwlfxodu vwudwhj| dv lwv srsxodwlrq

vkduh lqfuhdvhv dqg qhyhu sod| djdlqvw lw dv lw ydqlvkhv1

614 Orqj Uxq Fkdudfwhul}dwlrq

Khuh L irfxv rq wkh wzr fodvvhv ri jdphv iru zklfk wkh h�hfw ri  h{leoh pdwfklqj lv prvw

lqwhuhvwlqj1 Lq frruglqdwlrq jdphv/ wkhuh duh Qdvk htxloleuld dw +K>K, dqg +O>O,/ dqg hdfk

vwudwhj| hduqv lwv kljkhvw sd|r� lq htxloleulxp= d A f dqg g ? 31 Lq vwdj kxqw jdphv/ +K>K,

dqg +O>O, duh djdlq Qdvk htxloleuld/ dqg d A f/ exw O grhv ehwwhu zkhq pdwfkhg zlwk K wkdq

djdlqvw lwvhoi= g A 319 Jlyhq rxu hduolhu dvvxpswlrq +zlwkrxw orvv ri jhqhudolw|, wkdw d A 3/ doo

jdphv zlwk wzr v|pphwulf sxuh vwudwhj| htxloleuld kdyh rqh ri wkhvh wzr irupv1

Wkh �uvw vwhs lv wr ghulyh pW+K
&

> O
,

m{|> V,1 Iru wkhvh w|shv ri jdphv/ djhqwv sod|lqj K

dozd|v h{lw iurp pl{hg pdwfkhv/ vr doo pl{hg pdwfkhv duh wkh lpphgldwh uhvxow ri udqgrp

pdwfklqj lq wkh uhpdwfklqj srro1 Wklv phdqv wkdw wkh klvwrulhv ri wkh wzr djhqwv lq d pl{hg

pdwfk duh lqghshqghqw1 Wkhq/ wkh suredelolw| wkdw wkh djhqw sod|lqj K lq d qhzo| iruphg

pl{hg pdwfk kdv klvwru| n lv mxvw htxdo wr wkh iudfwlrq ri K*v lq wkh uhpdwfklqj srro zlwk

klvwru| n1 Wklv lq wxuq lv htxdo wr wkh udwh dw zklfk K*v  rz rxw ri Kn pdwfkhv dqg lqwr wkh

9 Lq wkh olwhudwxuh/ wkh whup �vwdj kxqw jdph� lv dovr vrphwlphv xvhg wr uhihu wr frruglqdwlrq jdphv lq zklfk
wkh h!flhqw htxloleulxp lv qrw ulvn grplqdqw= wkdw lv/ fn_ : @nS/ exw qrw qhfhvvdulo| _ : f1 L hdjhuo| zhofrph
vxjjhvwlrqv iru d pruh iholflwrxv qdph wkdw zloo dyrlg wklv frqixvlrq1
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uhpdwfklqj srro/ glylghg e| wkh wrwdo  rz ri K*v lqwr wkh uhpdwfklqj srro=
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zkhuh wkh vhfrqg vwhs xvhv +:,1 Vlploduo|/ wkh suredelolw| wkdw wkh djhqw sod|lqj O kdv klvwru|

o lv htxdo wr wkh iudfwlrq ri O*v  rzlqj lqwr wkh uhpdwfklqj srro wkdw kdyh klvwru| o=
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Wkh idfw wkdw wkh glvwulexwlrq ri klvwrulhv lv wkh vdph iru erwk w|shv lv dq lpsolfdwlrq ri pdwfklqj

ehlqj lq vwhdg| vwdwh1 L xvh z
M

@ |
M

@\ wr ghqrwh wkh frpprq suredelolw| ri klvwru| K dqg

z
u
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@\ wr ghqrwh wkh frpprq suredelolw| ri klvwru| O1 Wkhq zh fdq zulwh

pW+K
&

> O
,

m{|> V, @ z
&

z
,

p
Mu

+{|> V,

Vxevwlwxwlqj wklv lqwr +DG, |lhogv
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Qrwlfh wkh uhvhpeodqfh wr +7,1 Wkh g|qdplfv orrn olnh udqgrp pdwfklqj/ h{fhsw wkdw p
Mu

qr

orqjhu htxdov {
M

{
u

dqg sd|r�v duh zhljkwhg zlwk wkh uhodwlyh sursruwlrqv ri K dqg O lq wkh

uhpdwfklqj srro/ z
M

dqg z
u

/ / qrw wkh wuxh srsxodwlrq vkduhv {
M

dqg {
u

1 Lq wkh vdph idvklrq

dv iru udqgrp pdwfklqj/ +45, fdq eh uhzulwwhq lq wkh iroorzlqj zd|1

b{
M

@ �p
Mu

+��
M

� ��
u

, +46,
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Lq frqwudvw wr udqgrp pdwfklqj/ wkh srsxodwlrq vkduh ri K qrz jurzv zkhq z
M

A s/ udwkhu

wkdq zkhq {
M

A s1 Krzhyhu/ dv orqj dv z
M

lv zhoo0ehkdyhg � wkdw lv/ li lw lv d frqwlqxrxv/

vwulfwo| lqfuhdvlqj ixqfwlrq ri {
M

� wkhq wkh g|qdplfv zloo vwloo eh jryhuqhg e| d wkuhvkrog

ydoxh ri {
M

/ deryh zklfk wudmhfwrulhv frqyhujh wr dq K0frqyhqwlrq dqg ehorz zklfk wudmhfwrulhv

frqyhujh wr d O0frqyhqwlrq1 Wkh iroorzlqj ohppd hqvxuhv wkdw wklv lv wkh fdvh1 Lwv surri lv lq
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wkh dsshqgl{1

Ohppd 5 Iru frruglqdwlrq jdphv dqg vwdj kxqw jdphv xqghu  h{leoh pdwfklqj/ wkhuh h{lvwv

d wkuhvkrog ohyho �{+v, ri {
M

vxfk wkdw wudmhfwrulhv wkdw vwduw deryh �{+v, frqyhujh wr {
M

@ 4

dqg wudmhfwrulhv wkdw vwduw ehorz �{+v, frqyhujh wr {
M

@ 31 Wklv wkuhvkrog lv ghwhuplqhg e|

$
r

+�{+v,, @ s/ zkhuh z
M

@ $
r

+{
M

, lv d frqwlqxrxv/ vwulfwo| lqfuhdvlqj ixqfwlrq1

Wkxv wkh h�hfw ri  h{leoh pdwfklqj rq wkh orqj uxq ehkdylru ri wkh srsxodwlrq lv ghwhu0

plqhg hqwluho| e| wkh eldv lw fuhdwhv lq wkh uhpdwfklqj srro1 Wklv h�hfw lv h{dplqhg �uvw iru

frruglqdwlrq jdphv1

Frruglqdwlrq Jdphv1 Lq wkhvh jdphv/ djhqwv ri erwk w|shv suhihu wr uhqhz frruglqdwhg

pdwfkhv dqg h{lw iurp pl{hg pdwfkhv1 Wklv kdv wzr h�hfwv= lw lqfuhdvhv wkh phdvxuh ri djhqwv

lq frruglqdwhg pdwfkhv zklfk whqgv wr lqfuhdvh wkh phdvxuh ri djhqwv wkdw kdyh rswlplvwlf

shufhswlrqv ri wkhlu vwudwhjlhv/ exw lw dovr orfnv wkrvh djhqwv xs/ zlwk wkhlu kljk shufhlyhg

sd|r�v/ lq orqj whup pdwfkhv zkhuh djhqwv sod|lqj gl�huhqw vwudwhjlhv duh qrw h{srvhg wr

wkhp1 Iurp wklv vwdqgsrlqw/ wkh h�hfw rq ohduqlqj vhhpv dpeljxrxv1 Wklv lv zkhuh wkh

fruuhvsrqghqfh ehwzhhq wkh klvwrulhv ri djhqwv lq d srvlwlrq wr ohduq dqg wkh uhodwlyh vkduhv ri

hdfk vwudwhj| lq wkh uhpdwfklqj srro suryhv ydoxdeoh1 Wkh eldv lq wkh uhpdwfklqj srro kdv d

yhu| fohdu gluhfwlrq= lq rzv frph glvsursruwlrqdwho| iurp pl{hg pdwfkhv iru zklfk wkh udwlr

ri K*v wr O*v lv rqh wr rqh/ vr wkh vkduhv ri hdfk vwudwhj| lq wkh uhpdwfklqj srro duh eldvhg

wrzdug 4@51 Dv d uhvxow/ zkhq djhqwv duh h{srvhg wr qhz vwudwhjlhv/ wkh suredelolw| wkdw wkh|

dvvhvv wkhp edvhg rq wkhlu shuirupdqfh djdlqvw hlwkhu vwudwhj| lv forvhu wr 4@5 wkdq lw zrxog eh

xqghu udqgrp pdwfklqj1 Wklv lv wr wkh ehqh�w ri wkh ulvn grplqdqw vwudwhj|1 P| �uvw pdmru

uhvxow irupdoo| vwdwhv wklv h�hfw dqg ghprqvwudwhv wkdw lw lv olplwhg1

Sursrvlwlrq 5 Iru frruglqdwlrq jdphv/

41 m�{+v,� 4@5m lv vwulfwo| lqfuhdvlqj lq v1 Wkdw lv/ wkh edvlq ri dwwudfwlrq ri wkh ulvn

grplqdqw htxloleulxp lv lqfuhdvlqj lq  h{lelolw|1
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zklfk suryhv sduw 51

Wkh prvw vwulnlqj lpsolfdwlrq ri wklv sursrvlwlrq lv wkdw zkhq wkh sd|r� grplqdqw htxlole0

ulxp lv qrw ulvn grplqdqw/ jlylqj djhqwv dqrwkhu lqvwuxphqw zlwk zklfk wr frruglqdwh + h{leoh

pdwfk ohqjwk, pdnhv h!flhqf| ohvv olnho| lq wkh orqj uxq/ qrw pruh1 Hvvhqwldoo|/ wklv lv eh0

fdxvh wkh ehqh�wv ri  h{lelolw| duh glvwulexwhg xqhtxdoo| ryhu wkh srsxodwlrq= zkloh doo djhqwv

frruglqdwh ehwwhu rq dyhudjh +zklfk jlyhv d uhodwlyh dgydqwdjh wr wkh h!flhqw vwudwhj|,/ vrph

djhqwv frruglqdwh pruh srruo| +lq wkh vkruw uxq, wkdq xqghu udqgrp pdwfklqj/ dqg lw lv wkhvh

djhqwv zkr duh prvw olnho| wr fkdqjh wkhlu vwudwhjlhv1

Krzhyhu/ sduw 5 vkrzv wkdw wkh eldv wrzdug wkh ulvn grplqdqw vwudwhj| lv olplwhg1 Rqh

zd| wr wklqn derxw wklv lv wkdw zkhq erwk w|shv uhqhz rzq w|sh pdwfkhv/ wkh uhpdwfklqj

srro uhpdlqv uhodwlyho| edodqfhg1 +Lq idfw lw lv eldvhg wrzdug 83� 831, Wklv phdqv wkdw wkh

uhpdwfklqj srro fohduv txlfno|/ lq wkh vhqvh wkdw dq djhqw h{lwlqj d orqj whup pdwfk grhv qrw

jr wkurxjk pdq| edg pdwfkhv ehiruh �qglqj dqrwkhu jrrg rqh1 Dv d uhvxow/ djhqwv gr qrw

kdyh hqrxjk wlph wr jurz wrr glvfrxudjhg derxw wkhlu vwudwhjlhv1

Vwdj Kxqw Jdphv Txlfn fohdulqj ri wkh uhpdwfklqj srro ghshqgv fuxfldoo| rq wkh idfw

wkdw wkh ghvluhg pdwfkhv ri erwk w|shv ri djhqw duh frqvlvwhqw1 Zkhq djhqwv* suhihuhqfhv

ryhu pdwfkhv frq lfw/ uhpdwfklqj fdq ehfrph yhu| voxjjlvk/ dqg wkh eldv lq wkh g|qdplfv qhhg

qrw eh erxqghg1 Frqvlghu d vwdj kxqw jdph olnh +E,1 Dv pdwfklqj ehfrphv pruh  h{leoh/

4:



erwk djhqwv sod|lqj K dqg O whqg wr vshqg prvw ri wkhlu wlph sod|lqj djdlqvw wkhlu rzq w|sh1

Krzhyhu/ ehfdxvh O*v zrxog suhihu wr pdwfk zlwk K*v/ wkh| h{lw rzq0w|sh pdwfkhv txlfno| dqg

 rrg lqwr wkh uhpdwfklqj srro1 Djhqwv sod|lqjK rqo| wulfnoh lqwr uhpdwfklqj vorzo|/ exw zkhq

wkh| gr/ wkh| pxvw uxq d orqj jdxqwohw ri djhqwv sod|lqj O ehiruh �qglqj dqrwkhu orqj whup

pdwfk1 Wklv jlyhv wkhp d orqj wlph wr ehfrph glvfrxudjhg zlwk vwudwhj| K/ pdnlqj wkhp

pruh olnho| wr vzlwfk wr vwudwhj| O dqg dovr pruh olnho| wr uhod| edg qhzv derxw vwudwhj| K wr

O*v frqvlghulqj vzlwfklqj1 Wklv pd| gudpdwlfdoo| uhgxfh wkh orqj uxq survshfwv ri vwudwhj| K/

hyhq wkrxjk lwv dyhudjh sd|r� lv uhodwlyho| kljkhu xqghu  h{lelolw|1 Wkh iroorzlqj sursrvlwlrq

ghprqvwudwhv wkdw dv pdwfklqj ehfrphv frpsohwho|  h{leoh/ wkh h!flhqw htxloleulxp lv qhyhu

sod|hg lq wkh orqj uxq1

Sursrvlwlrq 6 Iru vwdj kxqw jdphv/

41 �{+v, lv vwulfwo| lqfuhdvlqj lq v1
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+dsso|lqj Ohppd 4,/ dqg vr wkh qxphudwru ri wkh ohiw0kdqg vlgh jrhv wr 31 Iru wkh frqglwlrq

wr krog/ wkh ghqrplqdwru pxvw jr wr 3 dv zhoo/ vr olp
r<" �{+v, @ 4/ surylqj sduw 51

Khuh/ wkh glvwulexwlrq ri wkh ehqh�wv iurp  h{lelolw| lv vhyhuho| xqhtxdo1 Lq wkh frqwh{w ri

wkh hduolhu h{dpsoh ri elrorjlvwv lq d vwdj kxqw/ zkhq lw lv hdv| wr uhqhz pdwfkhv/ d elrorjlvw

vnloohg lq sro|phudvh fkdlq uhdfwlrqv grhv yhu| zhoo rqfh vkh kdv irxqg d ihoorz vshfldolvw lq

SFU ehfdxvh wkh| fdq gr surmhfw diwhu surmhfw wrjhwkhu1 Krzhyhu/ zkhq khu froohdjxh �qlvkhv

klv srvwgrf dqg wdnhv d idfxow| srvlwlrq dfurvv wkh frxqwu| +iru h{dpsoh, vkh zloo idfh d vhd

ri elrorjlvwv wudlqhg lq wkh vwdqgdug phwkrg zkr duh hdjhu wr ulgh rq khu wudlqlqj1 Vruwlqj

4;



wkurxjk doo ri wkh vwdqgdug phwkrg uhvhdufkhuv wr �qg dqrwkhu SFU vshfldolvw zloo wdnh d

orqj wlph suhflvho| ehfdxvh pdwfklqj lv  h{leoh � doo ri wkh SFU vshfldolvwv zloo eh orfnhg xs

wrjhwkhu1 Diwhu d zkloh/ vkh zloo frph wr eholhyh/ dqg wkrvh zkr lqwhudfw zlwk khu zloo ohduq/

wkdw khu vshfldol}hg vnloo vhw lv zdvwhg dprqj vr pdq| djhqwv zlwk zkrp vkh lv plvpdwfkhg/

dqg vkh lv olnho| wr ohw khu h{shuwlvh odsvh +l1h1/ vzlwfk wr WW ,1 Ehfdxvh doo SFU djhqwv zloo jr

wkurxjk d vlplodu shulrg ri glvlooxvlrqphqw hyhqwxdoo|/ wkhlu qxpehuv lqh{rudeo| vkulqn � hyhq

wkrxjk wkhlu dyhudjh sd|r�v ryhu wkh ixoo f|foh ri jrrg dqg edg wlphv duh kljkhu wkdq xqghu

udqgrp pdwfklqj1

Lw lv dovr lqwhuhvwlqj wr frqvlghu wkh vwdun gl�huhqfh ehwzhhq wkh uhvxowv iru frruglqdwlrq

jdphv dqg iru vwdj kxqw jdphv1 Lq prvw ri wkh zrun rq hyroxwlrqdu| jdphv/ wkh fulwlfdo

glvwlqfwlrq lv ehwzhhq vwudwhjlhv wkdw duh ulvn grplqdqw dqg wkrvh wkdw duh qrw> zkhwkhu d

vwudwhj| shuirupv ehwwhu lq ru rxw ri htxloleulxp sod|v qr vshfldo uroh1 Krzhyhu/ zkhq pdwfklqj

lv  h{leoh/ djhqwv +urxjko| vshdnlqj, fdq slfn erwk urzv dqg froxpqv rq wkh jdph irup/ vr

wkh vshfl�f er{hv lq zklfk d vwudwhj| shuirupv zhoo qhfhvvdulo| ehfrph lpsruwdqw1 Wr ixuwkhu

h{soruh wklv frqwudvw/ frqvlghu wkh iroorzlqj wzr jdphv1
K O

K 4> 4 �4>�4
O �4>�4 3> 3

K O

K 6> 6 �4> 4
O 4>�4 3> 3

G H

Lq erwk jdphv wkhuh duh wzr +sxuh vwudwhj|, htxloleuld/ +K>K,/ zklfk lv erwk h!flhqw dqg

ulvn grplqdqw/ dqg +O>O,1 Ehfdxvh K lv ulvn grplqdqw/ wkh K0frqyhqwlrq kdv d odujhu edvlq

ri dwwudfwlrq iru erwk jdphv xqghu udqgrp pdwfklqj1 Krzhyhu/ dv pdwfklqj ehfrphv pruh

 h{leoh/ wkh wzr jdphv glyhujh1 Lq G/  h{lelolw| fdxvhv wkh edvlq ri K wr jurz/ zkloh lq H/ lw

fdxvhv wkh edvlq riK wr vkulqn1 Wklv uh hfwv d vxevwdqwlyh gl�huhqfh ehwzhhq djhqwv* lqfhqwlyhv

lq wkh wzr jdphv1 Dq lqwhuhvwlqj sdudooho lv wr Dxpdqq*v frqfhsw ri fuhgleoh fkhds wdon1 Lq G/

dq dqqrxqfhphqw ri wkh lqwhqwlrq wr sod| K lv fuhgleoh ehfdxvh dq djhqw zkr lqwhqgv wr sod| O

zrxog qrw dqqrxqfh K li vkh wkrxjkw vkh zrxog eh eholhyhg1 Lq H/ krzhyhu/ wkh dqqrxqfhphqw

zrxog qrw eh fuhgleoh= dq dqqrxqfhphqw ri K wkdw lv eholhyhg zloo holflw sod| ri K/ vr dq djhqw

kdv dq lqfhqwlyh wr dqqrxqfh K uhjdugohvv ri zkdw vkh sodqv wr sod|1 Wkh frqqhfwlrq fdq eh

wkrxjkw ri lq dq hyhq pruh gluhfw zd|= lqvridu dv dq dqqrxqfhphqw lv dq dwwhpsw wr lqgxfh

rqh*v rssrqhqw lqwr d sduwlfxodu dfwlrq/ lw lv d qdwxudo dqdorj wr wkh dwwhpsw xqghu  h{leoh

pdwfklqj wr pdwfk zlwk dq rssrqhqw zkr sod|v d sduwlfxodu dfwlrq1

Diwhu h{sorulqj wkh h�hfwv ri odujh dprxqwv ri  h{lelolw|/ lw lv qdwxudo wr dvn krz wkh prgho

ehkdyhv zkhq pdwfklqj lv forvh wr udqgrp1 Wkh iroorzlqj fruroodu| iroorzv gluhfwo| iurp wkh

frqwlqxlw| ri p
Mu

dqg $
r

dv hvwdeolvkhg hduolhu1

Fruroodu| 4 Lq frruglqdwlrq jdphv dqg vwdj kxqw jdphv/ wkh fxwr� ohyho �{+v, ehwzhhq edvlqv

ri dwwudfwlrq lv frqwlqxrxv lq v1

4<



Lq sduwlfxodu/ wklv phdqv wkdw vpdoo shuwxuedwlrqv ri udqgrp pdwfklqj lq wkh gluhfwlrq ri

 h{lelolw| zloo kdyh vpdoo h�hfwv rq wkh fxwr� ohyho1 Wkhuh lv d odujh olwhudwxuh wkdw dwwhpswv wr

gudz frqfoxvlrqv derxw wkh vwrfkdvwlf vwdelolw| ri gl�huhqw htxloleuld e| frpsdulqj wkh uhodwlyh

vl}hv ri wkhlu edvlqv ri dwwudfwlrq> wklv uhvxow frq�upv wkdw wkrvh frqfoxvlrqv zloo jhqhulfdoo| eh

urexvw zkhq pdwfklqj lv pdgh voljkwo|  h{leoh1

615 Vorz Frqyhujhqfh

Hyhq zkhq  h{leoh pdwfklqj grhv qrw fkdqjh wkh orqj uxq ehkdylru ri wkh srsxodwlrq/ lw fdq

kdyh gudpdwlf h�hfwv rq wkh vshhg ri ohduqlqj/ dqg khqfh/ rq phglxp uxq ehkdylru1 Zkhq

frqyhujhqfh lv vorz hqrxjk/ wklv phglxp uxq ehkdylru pd| eh wkh prvw uhohydqw ghvfulswlrq ri

h{shfwhg sod|1 Lq wklv prgho/  h{lelolw| d�hfwv ohduqlqj e| vkliwlqj wkh udwh dw zklfk djhqwv

sod|lqj gl�huhqw vwudwhjlhv duh h{srvhg wr hdfk rwkhu1 Li djhqwv dfwlyho| vhhn rxw pl{hg pdwfkhv/

wkhq ohduqlqj zloo eh idvwhu wkdq lw zrxog eh xqghu udqgrp pdwfklqj1 Ru li/ dv lq wkh fdvhv

glvfxvvhg vr idu/ dw ohdvw rqh w|sh ri djhqw suhihuv wr dyrlg pl{hg pdwfkhv/ wkhq ohduqlqj zloo eh

vorzhu1 Wkhq/ hyhq li  h{lelolw| kdv dgydqwdjhrxv h�hfwv lq wkh orqj uxq/ wkh| pd| eh edodqfhg

e| zhoiduh frvwv lq wkh vkruw uxq1 Wklv srvvlelolw| lv fohduhvw lq jdphv iru zklfk  h{lelolw| kdv

qr h�hfw rq wkh vhohfwlrq ri d olplw srlqw/ dv iru h{dpsoh/ lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 7 Ohw sd|r�v vdwlvi| f@5 . g ? d ? f. g dqg d A f1 Wkhq/

41 K lv d grplqdqw vwudwhj|/ dqg olp
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+{f> v, dw hyhu| wlph w A 3 li v� A v1

61 ��|+{f> v�, ? ��+{f> v, dw hyhu| wlph w A 3 li v� A v1

zkhuh {|
M

+{f> v, dqg ��|+{f> v, duh wkh srsxodwlrq vkduh ri K dqg wkh dyhudjh sd|r� ri wkh

hqwluh srsxodwlrq dw wlph w/ iru d sdwk ruljlqdwlqj dw {f1

Surri1 Dsshqgl{1
Iru wklv frqvwhoodwlrq ri sd|r�v/  h{leoh pdwfklqj qrw rqo| vorzv frqyhujhqfh wr wkh grp0

lqdqw vwudwhj| K/ lw dovr uhgxfhv dyhudjh sd|r�v dorqj wkh hqwluh ixwxuh sdwk hpdqdwlqj iurp

dq| lqlwldo srlqw1 Ehfdxvh wkh frqglwlrqv rq sd|r�v duh qrw yhu| looxplqdwlqj/ lw lv khosixo wr

gudz lqwxlwlrq iurp h{dpsohv olnh wkh iroorzlqj rqh1

K O

K 8> 8 7> 5

O 5> 7 3> 3

Khuh/ doo djhqwv hyhqwxdoo| ohduq wr sod| wkh grplqdqw vwudwhj| K1 Krzhyhu/ djhqwv sod|lqj K

gr qrw lqwhuqdol}h wkh ydoxh ri wkh ohduqlqj wkh| surgxfh zkhq pdwfkhg zlwk djhqwv sod|lqj O1
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Udqgrp pdwfklqj irufhv wkhp wr fuhdwh d fhuwdlq dprxqw ri ohduqlqj wkurxjk irufhg lqwhudfwlrq

zlwk djhqwv sod|lqj wkh grplqdwhg vwudwhj|/ exw jlyhq pruh fkrlfh ryhu wkhlu lqwhudfwlrqv/ wkh|

zloo lqwhudfw zlwk wkhvh djhqwv ohvv/ vorzlqj wkh udwh ri ohduqlqj1 Wkh sd|r� frqglwlrqv hqwhu lq

wzr zd|v1 Iluvw/ ehfdxvh rqo| KK pdwfkhv duh uhqhzhg/ wkh uhpdwfklqj srro zloo eh khdylo|

eldvhg wrzdug vwudwhj| O +mxvw dv iru wkh vwdj kxqw jdph,1 Wklv phdqv wkdw dv pdwfklqj ehfrphv

pruh  h{leoh/ djhqwv zkr ohduq derxwK duh pruh olnho| wr eh frpsdulqj lwv shuirupdqfh djdlqvw

O wr wkhlu rzq shuirupdqfh djdlqvw O1 Wklv frpsdulvrq/ zlwk d sd|r� gl�huhqfh ri 7/ idyruv

K pruh wkdq wkh frpsdulvrq zkhq erwk djhqwv kdyh sod|hg djdlqvw K uhfhqwo| +lq zklfk fdvh

wkh sd|r� gl�huhqfh lv 6,1 Wkxv/ dowkrxjk  h{lelolw| phdqv wkdw O*v duh h{srvhg wr K ohvv

iuhtxhqwo|/ lw dovr phdqv wkdw K dsshduv uhodwlyho| pruh dwwudfwlyh zkhq wkh| duh h{srvhg wr

lw � pdnlqj wkhp pruh olnho| wr vzlwfk zkhq h{srvhg1 Wkh frqglwlrq d � g A f@5 hqvxuhv

wkdw wklv h�hfw lv qrw wrr odujh/ vr wkdw rq qhw/  h{lelolw| vorzv frqyhujhqfh1 Wkh vhfrqg

frqglwlrq hqvxuhv wkdw wkh �frvw� ri ohduqlqj lv qrw wrr kljk= lqfuhphqwdoo| lqfuhdvlqj ohduqlqj

e| vsolwwlqj rqh KK pdwfk dqg rqh OO pdwfk dqg iruplqj wzr pl{hg pdwfkhv grhv qrw orzhu

wrwdo sd|r�v dv orqj dv d ? f . g1 Xqghu wkhvh frqglwlrqv/  h{lelolw| orzhuv dyhudjh zhoiduh1

Ixuwkhupruh/ wklv ghfolqh h{dfhuedwhv sd|r� lqhtxdolw|= wkh ghwhulrudwlrq lq dyhudjh sd|r�v

lv frqfhqwudwhg dprqj wkh djhqwv sod|lqj wkh grplqdwhg vwudwhj|/ zkloh wkh dyhudjh sd|r� ri

djhqwv zkr kdyh ohduqhg wr sod| K lpsuryhv +dv wkh| lvrodwh wkhpvhoyhv iurp wkrvh zkr kdyh

qrw,1

Iru frruglqdwlrq jdphv/ d fohdq dqdo|vlv ri zhoiduh lv pruh gl!fxow/ exw wkh txdolwdwlyh

h�hfwv duh vlplodu1 Ehfdxvh pl{hg pdwfkhv duh h{lwhg/ ohduqlqj zloo eh vorzhu xqghu  h{lelolw|1

Dv pdwfklqj jurzv pruh dqg pruh  h{leoh/ wkh srsxodwlrq zloo vshqg dq duelwudulo| orqj wlph

vwudwl�hg lqwr wzr jurxsv/ rqh sod|lqj wkh sd|r� grplqdqw htxloleulxp dqg rqh sod|lqj wkh

rwkhu htxloleulxp/ zlwk olwwoh lqwhudfwlrq ehwzhhq wkh wzr1 Hyhq li wkh jkhwwrl}hg vhfrqg jurxs

hyhqwxdoo| mrlqv wkh �uvw lq sod|lqj wkh h!flhqw htxloleulxp/ lw pd| wdnh d yhu| orqj wlph wr gr

vr1 Sursrvlwlrq 8 ghprqvwudwhv wkdw zkhq pdwfklqj lv txlwh  h{leoh/ wkh ohqjwk ri wklv shulrg

ri vwudwl�fdwlrq jurzv dw udwh v1

Sursrvlwlrq 8 Iru d frruglqdwlrq jdph/ vxssrvh wkdw wudmhfwrulhv ehjlqqlqj dw vrph {f 5 +3> 4,

frqyhujh wr wkh h!flhqw frqyhqwlrq +{
M

@ 4, iru doo v A 41 Iru hdfk ! 5 +{f
M

> 4,/ gh�qh W
�

+v,/

wkh �uvw wlph dw zklfk {
M

� !1 Wkhq/ 3 ? n� ? olp
r<" W

�

+v,@v ? n2 ?41

Surri1 Dsshqgl{1
Wr uhskudvh/ zh vwduw wkh v|vwhp iurp d vwdwh wkdw lv lq wkh edvlq ri dwwudfwlrq ri wkh

h!flhqw vwudwhj| +iru doo v,1 Dv  h{lelolw| +dqg khqfh lvrodwlrq, jurzv/ wkh zdlwlqj wlph wr

hvfdsh dq| qhljkerukrrg ri wkh plvfrruglqdwhg lqlwldo vwdwh glyhujhv dw udwh v1 Wkhq zkhq

pdwfklqj lv txlwh  h{leoh/ wklv slfwxuh ri vwudwl�hg srsxodwlrqv sod|lqj gl�huhqw htxloleuld lv

d pruh uhdvrqdeoh suhglfwlrq ri ehkdylru lq wkh phglxp uxq wkdq frpsohwh frruglqdwlrq rq
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hlwkhu htxloleulxp1

616 Urexvwqhvv

Ehfdxvh wkh prgho L kdyh suhvhqwhg lv txlwh vshfl�f/ wkhuh lv d qdwxudo lqwhuhvw lq krz jhqhudo lwv

frqfoxvlrqv duh1 L zloo dujxh wkdw wkhvh h�hfwv zloo eh suhvhqw zkhqhyhu pdwfklqj lv hqgrjhql}hg

lq d qrq0xqlirup zd| � dqg wkdw hqgrjhqrxv pdwfklqj kdv d qdwxudo whqghqf| wr eh qrq0

xqlirup1 Iluvw/ krzhyhu/ L h{dplqh krz khdylo| wkh uhvxowv ohdq rq wkh vshfl�fdwlrq ri ohduqlqj1

Ri wkh frqvwudlqwv rq ohduqlqj/ wkhuh duh wzr wkdw vhhp sduwlfxoduo| uhvwulfwlyh1 Lq olplwlqj

djhqwv wr ohduqlqj iurp wkhlu rssrqhqwv/ L uxoh rxw ohduqlqj iurp joredo vwdwlvwlfv ru iurp

vxffhvvixo djhqwv zkr kdyh qrw ehhq sod|hg djdlqvw1 E| uhtxlulqj djhqwv wr dfw rq wkh edvlv ri

lqirupdwlrq iurp wkhlu prvw uhfhqw rssrqhqwv/ L uxoh rxw wkh srvvlelolw| ri fxpxodwlyh ohduqlqj1

Krzhyhu/ qhlwkhu ri wkhvh uhvwulfwlrqv gulyhv wkh uhvxowv> dv orqj dv  h{lelolw| lqgxfhv f|folfdolw|

lq sd|r�v dqg djhqwv duh vx!flhqwo| lpsdwlhqw/ vlplodu uhvxowv zloo jr wkurxjk1 Dv dq h{dpsoh/

frqvlghu zhoo0lqiruphg djhqwv zkr irup udwlrqdo h{shfwdwlrqv ri wkh ixwxuh uhwxuqv wr hdfk

vwudwhj|/ exw duh txlwh p|rslf1 Zkhq rqh ri wkhvh djhqwv frqvlghuv vzlwfklqj vwudwhjlhv/ vkh

lv ehwzhhq pdwfkhv dqg fruuhfwo| dqwlflsdwhv wkdw zlwk suredelolw| z
M

vkh zloo eh uhpdwfkhg

zlwk dq djhqw sod|lqj K1 Khu h{shfwdwlrq ri wkh vkruw uxq sd|r� wr fkrrvlqj vwudwhj| l lv

mxvw z
M
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�M
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�
�u
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1 Edvhg rq wklv fruuhfw h{shfwdwlrq/ vkh zloo rswlpdoo| fkrrvh wr

sod| K li ��
M

� ��
u

A 3/ vr wkh vljq ri wkh g|qdplfv zloo eh h{dfwo| wkh vdph dv lw lv xqghu

+DG,1 Wklv htxlydohqfh dulvhv ehfdxvh lq wkh vwdqgdug prgho/ djhqwv* uhfhqw sdvw sd|r�v

dffxudwho| suhglfw +rq dyhudjh, wkhlu sd|r�v lq wkh qhdu ixwxuh1 Pruhryhu/ zkhq xqkdsslo|

pdwfkhg djhqwv sod|lqj gl�huhqw vwudwhjlhv frpsduh sd|r�v/ wkh sd|r�v wkh| ohduq duh dffxudwh

uh hfwlrqv ri krz wkh| zrxog iduh lq wkh vkruw uxq lq wkh uhpdwfklqj srro zhuh wkh| wr vzlwfk

vwudwhjlhv1 Wkh idfw wkdw wkh| whqg qrw wr frqvxow djhqwv sod|lqj wkh rwkhu vwudwhj| zkr kdyh

jrrg h{shulhqfhv exw duh orfnhg xs lq orqj whup uhodwlrqvklsv grhv qrw pdwwhu wrr pxfk �

hyhq li wkh| glg revhuyh wkrvh djhqwv* sd|r�v/ wkh| zrxog qrw ylhz wkhp dv dfklhydeoh lq wkh

vkruw uxq ehfdxvh ri wkh qhfhvvlw| ri wuroolqj wkurxjk wkh uhpdwfklqj srro iru d zkloh ehiruh

�qglqj d jrrg pdwfk1 Vlploduo|/ uhfdoolqj sdvw revhuydwlrqv ri d vwudwhj| zrxog qrw qhfhvvdulo|

eh khosixo lq dvvhvvlqj fxuuhqw vkruw uxq survshfwv/ zklfk ghshqg rq wkh fxuuhqw vwdwh ri wkh

pdwfklqj srro1

Wklv olqh ri uhdvrqlqj vxjjhvwv wkdw wkh fuxfldo idfwruv ohdglqj hqgrjhqrxv pdwfklqj wr

frqwulexwh wr lqh!flhqw rxwfrphv lq wklv fdvh duh wkdw  h{lelolw| vsuhdgv wkh sd|r�v wr wkh

h!flhqw vwudwhj| dqg wkdw qhz dgrswhuv ri wkh h!flhqw vwudwhj| glvsursruwlrqdwho| rffxs| wkh

orzhu wdlo ri wkdw vsuhdg1 Wklv zloo whqg wr eh wuxh zkhqhyhu hqgrjhqrxv pdwfklqj doorzv

lqfxpehqwv ri wkh h!flhqw vwudwhj| wr lvrodwh wkhpvhoyhv iurp wkh uhvw ri wkh srsxodwlrq li wkdw

lvrodwlrq dovr pdnhv wkh vwudwhj| kdughu wr ohduq derxw/ dq dvvxpswlrq wkdw vhhpv uhdvrqdeoh

lq d zlgh duud| ri frqwh{wv1 Lq wklv prgho/ wkh �qdo idfwru wkdw hqvxuhv wkdw wkh h!flhqw
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vwudwhj| vrphwlphv idlov lv wkdw lqfxpehqwv lq wkh lvrodwhg jurxs sod|lqj wkh h!flhqw vwudwhj|

duh rffdvlrqdoo| hmhfwhg dqg irufhg wr vwduw lvrodwlqj wkhpvhoyhv iurp wkh lqh!flhqw vwudwhj|

iurp vfudwfk/ dv li wkh| zhuh qhz dgrswhhv ri wkh vwdwhj|1 Wkhq/ ehfdxvh wkhuh duh rxw rzv iurp

wkh h!flhqw vwudwhj| exw ihz lq rzv ehfdxvh ri wkh vwhhs ohduqlqj fxuyh/ wkh h!flhqw vwudwhj|

pd| ghfolqh1 Wkh jhqhudolw| ri wklv odvw idfwru vhhpv pruh olplwhg> lq pdq| vlwxdwlrqv lw lv

pruh qdwxudo wr wklqn wkdw djhqwv zkr kdyh �upo| hqvfrqfhg wkhpvhoyhv zlwklq d qhwzrun ri

ihoorz K*v zloo kdyh plqru vhwedfnv exw zloo yhu| uduho| eh irufhg wr uhexlog wkdw qhwzrun iurp

vfudwfk1 Lq wkhvh fdvhv/ wkhuh vwloo pd| h�hfwlyho| eh eduulhuv wr vzlwfklqj wr K/ vr vwudwl�fdwlrq

pd| shuvlvw lqgh�qlwho|1

Wkh qh{w vhfwlrq ghprqvwudwhv wkdw vrph ghjuhh ri p|rsld lv hvvhqwldo wr wkh lqh!flhqf|

uhvxowv ri wklv prgho1 Zkhq djhqwv duh zloolqj wr zdlw d orqj wlph iru wkh h!flhqw vwudwhj| wr

sd| r�/ jlylqj wkhp vrph fkrlfh ryhu wkhlu sduwqhuv zloo pdnh h!flhqw rxwfrphv pruh olnho|/

qrw ohvv1

7 Wkh Orqj Phpru| Prgho

Wklv vhfwlrq suhvhqwv dq dowhuqdwlyh prgho lq zklfk wkh shufhlyhg sd|r�v wkdw djhqwv irup

uh hfw d orqjhu phpru| wkdq lq wkh ehqfkpdun prgho1 Wklv zloo eh wkh rqo| gl�huhqfh iurp wkh

ehqfkpdun prgho/ exw lwv h�hfw zloo eh vzhhslqj � qrz  h{lelolw| zloo pdnh h!flhqw rxwfrphv

pruh olnho| lq d eurdg fodvv ri jdphv1 Qrw rqo| grhv wklv phdq wkdw wkh h!flhqw htxloleuld duh

pruh olnho| wr eh vhohfwhg lq frruglqdwlrq jdphv dqg vwdj kxqw jdphv/ exw zkhq pdwfklqj lv

 h{leoh hqrxjk/ h!flhqw sur�ohv ri sod| zloo eh vhohfwhg hyhq li wkh| duh qrw Qdvk htxloleuld1

Lq sduwlfxodu/ d kljk ohyhov ri frrshudwlrq zloo eh vhohfwhg lq wkh sulvrqhu*v glohppd1 Wklv

lv srvvleoh ehfdxvh zlwk orqjhu wlph krul}rqv dqg fkrlfh ryhu pdwfk ohqjwkv/ djhqwv fdq ohduq

wr �sxqlvk� ghihfwruv e| qrw uhqhzlqj pdwfkhv zlwk wkhp1 Wklv vxjjhvwv wkdw hyroxwlrqdu|

prghov pd| eh deoh wr vkhg oljkw rq wkh vwdelolw| ri frrshudwlyh htxloleuld lq odujh srsxodwlrqv

lq d pdqqhu dqdorjrxv wr wkh zd| wkdw wkh| fdq pdnh suhglfwlrqv derxw htxloleulxp vhohfwlrq

lq vwdwlf jdphv1

Qrz/ dq djhqw sod|lqj l zloo irup d shufhlyhg sd|r� htxdo wr khu fxuuhqw wlph dyhudjh sd|r�

lq wkh vwhdg| vwdwh ri wkh pdwfklqj surfhvv1 Wkxv L pryh iurp rqh h{wuhph +frpsohwh p|rsld,

wr dqrwkhu +lq�qlwho| orqj wlph krul}rqv,1 Orrnlqj dw wkhvh olplwlqj fdvhv doorzv frqwudvwv lq

wkh h�hfwv ri  h{lelolw| wr eh iudphg lq wkh fohduhvw srvvleoh zd|> lqwhuphgldwh fdvhv zloo glvsod|

d eohqg ri wkh wzr vhwv ri uhvxowv1 L frqwlqxh wr lqwhusuhw wkh shufhlyhg sd|r� dv dq djhqw*v

dvvhvvphqw ri khu sdvw shuirupdqfh xvlqj d vwudwhj|/ vr wkh xvh ri wlph dyhudjh sd|r�v lqglfdwhv

wkdw djhqwv uhfdoo d vwdwlvwlfdoo| odujh qxpehu ri sdvw pdwfkhv/ udwkhu wkdq mxvw wkh prvw uhfhqw
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rqh1 Irupdoo|/ wkh shufhlyhg sd|r� ri dq djhqw sod|lqj l lv jlyhq e|
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Qrwlfh wkdw wkh ghshqghqfh rq klvwru| kdv ehhq gursshg= ryhu d orqj hqrxjk krul}rq/ doo

djhqwv sod|lqj vwudwhj| l zloo kdyh wkh vdph dyhudjh h{shulhqfh zlwk lw1 Ixuwkhupruh/ wklv wlph

dyhudjh sd|r� lv wkh vdph dv wkh furvv0vhfwlrqdo dyhudjh sd|r� dfurvv djhqwv sod|lqj l1 Wklv

iruhvkdgrzv wkh uhvxowv> zkhq djhqwv* phprulhv duh orqj hqrxjk wkdw wkh f|folfdolw| lqgxfhg e|

 h{leoh pdwfklqj grhv qrw d�hfw wkhlu dvvhvvphqwv/ wkhq wkh g|qdplfv zloo qrw ghshqg rq wkh

glvwulexwlrq ri sd|r�v1 Wkhq wkh idfw wkdw  h{lelolw| errvwv wkh dyhudjh sd|r� wr wkh h!flhqw

vwudwhj| zloo frph lqwr sod|1

Wkh uhvw ri wkh prgho xqirogv doprvw lghqwlfdoo| wr Vhfwlrq 61

Wkh fkrlfh wr h{lw ru uhqhz
Dv ehiruh/ dq djhqw fkrrvhv wr uhqhz d pdwfk li lw jlyhv khu d  rz sd|r� kljkhu wkdq khu

shufhlyhg sd|r�1 Wkdw lv/ li vkh lv sod|lqj l/ vkh uhqhzv d pdwfk zlwk dq djhqw sod|lqj m li

dqg rqo| li �
��

A �|
�

1 Khuh wkhuh duh qr gholfdwh lvvxhv ri wlhv � iru lqwhulru ydoxhv ri {|/ �|
�

olhv vwulfwo| ehwzhhq �
�M

dqg �
�u

/ vr dq djhqw doprvw vxuho| lqfrusrudwhv erwk wkh ehvw dqg

zruvw pdwfkhv iru vwudwhj| l lqwr khu shufhlyhg sd|r�1 Khu h{lw fkrlfhv duh vwudljkwiruzdug

dqg h{dfwo| wkh vdph dv hduolhu= vkh h{lwv iurp khu zruvw uhzdughg pdwfk dqg wulhv wr uhqhz

khu ehvw uhzdughg pdwfk/ vr rqfh djdlq wkh h{lw udwhv zloo eh jlyhq e| +5,1:

Dgdswlyh G|qdplfv
Ohduqlqj lv wkh vdph dv ehiruh= zkhq wzr djhqwv sod|lqj gl�huhqw vwudwhjlhv duh pdwfkhg/

wkh djhqw zlwk wkh orzhu shufhlyhg sd|r� vzlwfkhv vwudwhjlhv zlwk suredelolw| sursruwlrqdo wr

wkh gl�huhqfh lq shufhlyhg sd|r�v1 Lq wklv fdvh/ wkh irupxodwlrq lv vrphzkdw vlpsohu wkdq

+6, ehfdxvh wkhuh lv qr qhhg wr nhhs wudfn ri wkh klvwrulhv ri wkh pdwfkhg djhqwv/ dv doo djhqwv

sod|lqj wkh vdph vwudwhj| kdyh wkh vdph shufhlyhg sd|r�1 Wkh g|qdplfv duh jlyhq e|
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M
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, +DG�,

Wkh lqwxlwlrq ghyhorshg iru wkh pdwfklqj surfhvv vwloo dssolhv1 Iru h{dpsoh/ lq frruglqdwlrq

jdphv dqg vwdj kxqw jdphv zkhuh dw ohdvw rqh w|sh ri djhqw suhihuv wr h{lw iurp pl{hg pdwfkhv/

wkh vwhdg| vwdwh phdvxuh ri pl{hg pdwfkhv ghfolqhv zlwk  h{lelolw|1 Iru vwdj kxqw jdphv/ wklv

kdv wkh h�hfwv glvfxvvhg lq wkh lqwurgxfwlrq= wkh dyhudjh sd|r�v ri djhqwv sod|lqj K lpsuryh

dv wkh| lvrodwh wkhpvhoyhv iurp djhqwv sod|lqj O/ zkloh djhqwv sod|lqj O gr zruvh zkhq wkh|

:Wkhuh lv dfwxdoo| rqh vxewoh lvvxh1 Dq djhqw*v shufhlyhg sd|r� lv vkdshg e| wkh vwhdg| vwdwh ri wkh pdwfklqj
surfhvv/ zklfk lq wxuq ghshqgv rq sdvw h{lw udwhv1 Wkxv/ wkh fkrlfh ri zklfk pdwfkhv wr h{lw lv srwhqwldoo| sdwk
ghshqghqw1 Iru 2f 2 jdphv wklv lv qrw d sureohp ehfdxvh h{lw ghflvlrqv duh frqvwdqw zlwk uhvshfw wr 6|/ exw lw
pxvw eh ghdow zlwk pruh fduhixoo| lq h{whqvlrqv wr pruh wkdq wzr vwudwhjlhv1
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duh irufhg wr sod| djdlqvw hdfk rwkhu1 Dowkrxjk djhqwv sod|lqj K vwloo h{shulhqfh orqj vshoov

ri edg pdwfkhv diwhu d jrrg pdwfk hqgv/ wkrvh edg vshoov qhyhu odvw orqj hqrxjk wr grplqdwh

wkhlu dvvhvvphqwv ri K1 Dv d uhvxow/  h{lelolw| whqgv wr ehqh�w wkh h!flhqw vwudwhj|1

Wkh vlwxdwlrq lv d elw pruh frpsolfdwhg iru frruglqdwlrq jdphv/ exw wkh uhvxow lv wkh vdph1

Lq wklv fdvh erwk vwudwhjlhv ehqh�w iurp wkh lvrodwlrq surylghg e|  h{lelolw|1 Jhqhudoo|/ wkh

h!flhqw vwudwhj| ehqh�wv pruh/ exw xqghu vrph flufxpvwdqfhv lw zloo qrw1 Iru h{dpsoh/ zkhq

wkh srsxodwlrq vkduh ri K lv yhu| forvh wr 4/ djhqwv sod|lqj K duh forvh wr uhfhlylqj wkhlu kljkhvw

sd|r� xqghu udqgrp pdwfklqj/ vr juhdwhu  h{lelolw| fdqqrw ehqh�w wkhp yhu| pxfk1 Lq wklv

fdvh/ wkh plqrulw| ri djhqwv sod|lqj O kdyh uhodwlyho| pruh wr jdlq iurp lvrodwlrq1 Krzhyhu/

wklv fdvh fdq dulvh rqo| zkhq K lv vr suhydohqw wkdw lw vxevwdqwldoo| rxwshuirupv O/ vr wkdw wkh

uhodwlyh dgydqwdjh wr O vorzv/ exw grhv qrw uhyhuvh/ frqyhujhqfh wr dq K0frqyhqwlrq1 Lq doo

rwkhu fdvhv/  h{lelolw| pdnhv K uhodwlyho| pruh dwwudfwlyh/ vr iru frruglqdwlrq jdphv dv zhoo/

 h{lelolw| whqgv wr idyru wkh h!flhqw htxloleulxp1

Wkh qh{w uhvxow hvwdeolvkhv wkdw wklv lqwxlwlrq dssolhv pruh eurdgo| wkdq mxvw wr frruglqdwlrq

jdphv dqg vwdj kxqw jdphv> zkhq djhqwv kdyh orqj phprulhv/  h{leoh pdwfklqj zhdno| lpsuryhv

wkh h!flhqf| ri orqj uxq sod| lq doo 5� 5 jdphv1 Iluvw/ wkrxjk/ L lqwurgxfh vrph whuplqrorj|1

Wkh juhdwhvw orzhu sd|r� j ri wkh xqghuo|lqj jdph lv gh�qhg e| j @ pd{
�c�

? plq ? �
��

> �
��

AA1

Iru h{dpsoh/ lq +D,/ wkh juhdwhvw orzhu sd|r� lv 4/ zkloh lq +F, lw lv 51 Iru d yhfwru ri srsxodwlrq

vkduhv {f/ gh�qh wkh olplw srlqw ri wkh wudmhfwru| ehjlqqlqj dw {f wr eh {W+{f> v,1 Ohw �W+{f> v,

eh wkh sd|r� hduqhg dw wkdw olplw srlqw e| doo ri wkh vwudwhjlhv lq lwv vxssruw1 +Li doo ri wkh

vxuylylqj vwudwhjlhv glg qrw hduq lghqwlfdo sd|r�v wkhq {W+{f> v, zrxog qrw eh d olplw srlqw1,

Wkhruhp 4 Iru dq| v|pphwulf 5�5 jdph J wkdw vdwlv�hv +JS ,/ zkhq djhqwv kdyh orqj wlph

krul}rqv/

41 Iru doo {f/ �W+{f> v, lv lqfuhdvlqj lq v1 +Orqj uxq sd|r�v lqfuhdvh zlwk  h{lelolw|1,

51 Li J kdv d v|pphwulf Qdvk htxloleulxp zlwk sd|r� orzhu wkdq j/ wkhq iru v odujh

hqrxjk/ wkhuh lv dq rshq vhw [f+v, wkdw lv vwulfwo| lqfuhdvlqj lq v zlwk �W+{f> v, A �W+{f> 4, iru

doo {f 5 [f+v,1

Surri1 Dsshqgl{1
Jdphv wkdw �w wkh ghvfulswlrq ri wkh vhfrqg sduw ri wkh wkhruhp duh= jdphv zlwk wzr

v|pphwulf sxuh vwudwhj| QHv/ jdphv zlwk dv|pphwulf QHv/ dqg wkh sulvrqhu*v glohppd1 Iru

frruglqdwlrq jdphv dqg vwdj kxqw jdphv/ wkh wkhruhp phdqv wkdw wkh edvlq ri dwwudfwlrq ri wkh

sd|r� grplqdqw htxloleulxp jurzv zlwk  h{lelolw|1 Iru wkh sulvrqhu*v glohppd/ wkh wkhruhp

lpsolhv wkdw sd|r�v rxwvlgh ri wkh vwdwlf Qdvk vhw fdq eh vxvwdlqhg lq wkh orqj uxq xqghu

 h{lelolw|1 Uxohg rxw e| wkh vhfrqg sduw ri wkh wkhruhp duh jdphv zlwk grplqdqw vwudwhj|

htxloleuld lq zklfk j lv hduqhg>  h{leoh pdwfklqj kdv qr h�hfw rq htxloleulxp vhohfwlrq lq wkhvh

jdphv1 Wkh surri surfhhgv fdvh e| fdvh dqg lv uhohjdwhg wr wkh dsshqgl{/ exw wkh lqwxlwlrq
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lv hdvlo| vnhwfkhg1 Wkh orqj uxq ehkdylru ri wkh v|vwhp lv ghwhuplqhg hqwluho| e| wkh }hurv

ri ��+{
M

mv, @ �
M

� �
u

/ zklfk/ ri frxuvh/ duh uhvw srlqwv ri wkh g|qdplfv> wkh| zloo eh hlwkhu

vwdeoh olplw srlqwv ru xqvwdeoh srlqwv wkdw gh�qh wkh erxqgdulhv ri edvlqv ri dwwudfwlrq1 L vkrz

wkdw wkh gl�huhqfh lq sd|r�v lv lqfuhdvlqj lq v dw wkhvh }hurv/ vr dv  h{lelolw| jurzv/ wkh vxevhw

ri ^3> 4` rq zklfk {
M

jurzv lv lqfuhdvlqj1 Urxjko|/ wklv phdqv wkdw wkh h!flhqw vwudwhj| lv

sod|hg pruh riwhq lq wkh orqj uxq/ zklfk whqgv wr lqfuhdvh orqj uxq sd|r�v1

Zkhq +K>K, dqg +O>O, duh qrw erwk Qdvk htxloleuld ri wkh xqghuo|lqj jdph/ wkh g|qdplfv

duh txdolwdwlyho| gl�huhqw wkdq iru frruglqdwlrq jdphv dqg vwdj kxqw jdphv1 Riwhq wkhuh zloo eh

vwdeoh lqwhulru uhvw srlqwv wkdw gr qrw fruuhvsrqg wr d Qdvk htxloleulxp ri wkh xqghuo|lqj jdph/

dqg wkhvh uhvw srlqwv pd| dsshdu glvfrqwlqxrxvo| zkhq pdwfklqj ehfrphv  h{leoh hqrxjk1 Wkh

iroorzlqj h{dpsoh khosv wr looxvwudwh wkhvh lvvxhv1

Hj1 Wkh Sulvrqhu*v Glohppd
Wkh xqghuo|lqj jdph lv suhvhqwhg ehorz1 Iru frpsdulvrq/ d qrupdol}hg yhuvlrq ri wkh vwdj

kxqw jdph iurp wkh lqwurgxfwlrq lv suhvhqwhg wr lwv vlgh1

K O

K 5> 5 �4> 6
O 6>�4 3> 3

K O

K 5> 5 �4> 4
O 4>�4 3> 3

+SG, +J,

Iurp wkh shuvshfwlyh ri Qdvk htxloleulxp/ wkh wzr jdphv duh txlwh gl�huhqw1 Lq +SG,/ vwudwhj|

O lv grplqdqw dqg +O>O, lv wkh xqltxh htxloleulxp/ zkloh lq frqwudvw/ +J, kdv d vhfrqg sxuh

vwudwhj| htxloleulxp dw +K>K,1 Krzhyhu/ ylhzhg iurp wkh vwdqgsrlqw ri pdwfklqj/ wkh| duh

vlplodu= lq erwk jdphv/ djhqwv sod|lqj K suhihu wr pdwfk zlwk hdfk rwkhu/ zkloh djhqwv sod|lqj

O zrxog olnh wr pdwfk zlwk djhqwv sod|lqj K1 Wkdw lv/ �
MM

@ �@v dqg �
Mu

@ �
uu

@ �

iru erwk jdphv1 Frqvhtxhqwo|/ wkh h�hfw ri pruh  h{leoh pdwfklqj rq erwk jdphv vkrxog

eh vlplodu1 Lw zdv dujxhg hduolhu iru wkh vwdj kxqw wkdw  h{lelolw| doorzv djhqwv sod|lqj wkh

h!flhqw dfwlrq K wr lvrodwh wkhpvhoyhv/ zklfk ehqh�wv wkh sd|r� wr K pruh wkdq wkh sd|r� wr

O1 Iru +SG,/ wkh vdph orjlf phdqv wkdw zkhq frrshudwruv sod|lqj K fdq lvrodwh wkhpvhoyhv

iurp ghihfwruv sod|lqj O/ wkh uhodwlyh sd|r� wr frrshudwlrq ulvhv1 Zkhq pdwfklqj lv vx!flhqwo|

 h{leoh/ frrshudwlrq zloo eh ehwwhu uhzdughg wkdq ghihfwlqj iru dw ohdvw vrph srsxodwlrq vkduhv1

Wr vhh mxvw krz  h{leoh pdwfklqj pxvw eh/ L zloo h{dplqh wkh gl�huhqfh lq sd|r�v/ zklfk iru

wkh jdph +SG, lv jlyhq e| ��+{
M

mv, @ 5�6+p
Mu

@{
M

.p
Mu

@{
u

, @ 5�6p
Mu

@+{
M

{
u

,1 Qrz/

V @ v/ dqg p
Mu

lv jlyhq e|

p
Mu

@
4

5

s
4 . 7+v� 4,{

M

{
u

� 4

v� 4

zklfk uh hfwv wkh glplqlvkhg lpsdfw ri  h{lelolw| zkhq wkh wzr w|shv gr qrw djuhh rq zklfk
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pdwfkhv wr h{lw hduo|1 Qrwlfh wkdw p
Mu

@+{
M

{
u

, lv v|pphwulf derxw {
M

@ 4@5 dqg uhfdoo iurp

Ohppd 4 wkdw lw lv vwulfwo| ghfuhdvlqj lq {
M

{
u

/ vr ��+{
M

mv, lv v|pphwulf zlwk d vlqjoh shdn

dw {
M

@ 4@51 Zh duh lqwhuhvwhg lq zkhwkhu wklv sd|r� gl�huhqfh lv hyhu srvlwlyh> ohw xv orrn dw

wkh prvw surplvlqj fdvh/ zkhq {
M

@ 4@51 Zlwk d elw ri dojheud zh �qg

��+4@5mv, @ 5+4� 6s
v. 4

,

vr zlwk dq htxdoo| vsolw srsxodwlrq/ frrshudwlqj zloo rxwshuirup ghihfwlqj zkhqhyhu v A 71

Zkhq wklv frqglwlrq lv phw/ ��+{
M

mv, zloo vsolw wkh vlpsoh{ lqwr wkuhh uhjlrqv1 Zkhq {
M

lv

vpdoo/ frrshudwlrq lv qrw zruwkzkloh> wkhuh duh wrr pdq| ghihfwruv wr vfuhhq rxw1 Iru plggoh

udqjhv ri {
M

/ frrshudwlrq dwwdlqv d fulwlfdo pdvv iru zklfk h�hfwlyh lvrodwlrq lv srvvleoh> lq wklv

uhjlrq/ frrshudwlrq zloo eh rswlpdo1 Zkhq {
M

lv odujh/ ghihfwruv fdqqrw eh jkhwwrl}hg � wkhuh

vlpso| duhq*w hqrxjk ri wkhp1 Ghihfwruv zloo idfh frrshudwruv prvw ri wkh wlph/ wkxv hduqlqj

kljkhu sd|r�v1 Wklv vlwxdwlrq lv looxvwudwhg iru v @ 8 lq Iljxuh 4

��+{
M

mv @ 8,

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.2 0.4 0.6 0.8 1

Iljxuh 4

Wkh v|vwhp kdv wzr lqwhulru uhvw srlqwv dw {
M

@ 4@7 dqg {
M

@ 6@7 +dv zhoo dv wkh uhvw

srlqwv dw wkh erxqgdulhv/ {
M

@ 3 dqg {
M

@ 4,1 Wkh �uvw lv xqvwdeoh dqg wkh vhfrqg lv vwdeoh/

vr wudmhfwrulhv ehjlqqlqj lq ^3> 4@7, zloo frqyhujh wr wkh qrqfrrshudwlyh vwdwlf Qdvk rxwfrph ri

{
M

@ 3/ exw wudmhfwrulhv ehjlqqlqj lq +4@7> 4, zloo frqyhujh wr d sur�oh ri sod| lq zklfk 6@7 ri wkh

djhqwv frrshudwh1 Frrshudwlrq lv vxvwdlqhg dw wklv olplw srlqw ehfdxvh p
Mu

@+{
M

{
u

, @ 5@6=

frrshudwruv dqg ghihfwruv vshqg 5@6 dv pxfk wlph lqwhudfwlqj dv wkh| zrxog xqghu udqgrp

pdwfklqj1 Dw wklv olplw srlqw/ hyhu| djhqw*v sd|r� lv 6@5 � ohvv wkdq xqghu ixoo frrshudwlrq/

exw pruh wkdq wkh vwdwlf Qdvk sd|r� ri 31 Qrwlfh wkdw wkh hphujhqfh ri frrshudwlrq lv qrw

judgxdo1 Zkhq v lv qhdu lwv fulwlfdo ydoxh ri 7/ d vpdoo lqfuhdvh lq  h{lelolw| pdnhv d odujh

ghjuhh ri frrshudwlrq vxgghqo| srvvleoh1;

;Ri frxuvh/ wklv lv mxvw sdudooho wr wkh vxgghq hphujhqfh ri frrshudwlrq lq vwdqgdug uhshdwhg jdphv zkhq

5:



Lqwxlwlrq vxjjhvwv wkdw li erxqghgo| udwlrqdo djhqwv frqyhujh wrzdug d sur�oh ri sod| lq

zklfk wkh| hduq sd|r�v rxwvlgh ri wkh vhw ri vwdwlf Qdvk htxloleuld/ wkhq wkh| pd| eh ehkdylqj

lq d zd| wkdw dssur{lpdwhv wkh vwudwhjlhv wkdw sdwlhqw/ udwlrqdo djhqwv zrxog xvh wr vxvwdlq

frrshudwlrq/ dqg lqghhg wklv lv wkh fdvh1 Urxjko| vshdnlqj/ wkhvh djhqwv ohduq wr sod| lq

d zd| wkdw plplfv dq htxloleulxp lq zklfk prvw djhqwv frrshudwh dqg sxqlvk ghihfwruv e|

vhyhulqj wlhv zlwk wkhp1< Zlwkrxw iulfwlrq lq pdwfklqj/ ixoo frrshudwlrq fdqqrw eh vxvwdlqhg

ehfdxvh wkh wkuhdw ri hqglqj d pdwfk lv hpsw|= d urjxh ghihfwru zloo lpphgldwho| �qg dqrwkhu

frrshudwru wr ylfwlpl}h1 Wkhuhiruh lq dq| vxfk frrshudwlyh htxloleulxp/ wkhuh pxvw eh hqrxjk

ghihfwruv wkdw wkh wkuhdw ri hqglqj d pdwfk kdv whhwk1 Ixuwkhupruh/ dq| vxfk htxloleulxp zlwk

udwlrqdo djhqwv uhtxluhv wkrvh djhqwv wr eh vx!flhqwo| sdwlhqw/ vr li erxqghgo| udwlrqdo djhqwv

duh wr plplf vxfk dq htxloleulxp/ wkh| pxvw dw ohdvw dfw dv wkrxjk wkh| zhuh sdwlhqw1 Ehfdxvh

djhqwv khuh irup wkhlu rslqlrqv ri gl�huhqw vwudwhjlhv rq wkh edvlv ri wkhlu shuirupdqfh ryhu d

orqj vhtxhqfh ri pdwfkhv/ wkhlu fkrlfhv kdyh wkh  dyru ri wkrvh wkdw sdwlhqw/ iruzdug0orrnlqj

djhqwv zrxog pdnh1

Rqh frxog wdnh wkh hphujhqfh ri frrshudwlrq lq wklv h{dpsoh dv hlwkhu d srvlwlyh ru d qhjdwlyh

uhvxow1 Wr dujxh wkh iruphu/ lw lv lpsuhvvlyh wkdw wkh h{lw rswlrq/ zklfk pdnhv xvh ri rqo| wkh

prvw orfdo lqirupdwlrq dqg lv h{huflvhg e| erxqghgo| udwlrqdo djhqwv zlwk rqo| wkhlu rxwvlgh

rswlrqv +dqg qrw pruh hoderudwh vwudwhjlf lvvxhv, lq plqg/ vx!fhv qrw rqo| wr jxdudqwhh wkh

srvvlelolw| ri frrshudwlrq/ exw dovr frqyhujhqfh wr lw +iurp d zlgh udqjh ri lqlwldo frqglwlrqv,1

Wr ghihqg wkh odwwhu shuvshfwlyh/ wklv h{dpsoh ghprqvwudwhv wkdw pdwfklqj pd| qhhg wr eh

txlwh  h{leoh ehiruh frrshudwlrq ehfrphv srvvleoh1 Krz uhdolvwlf lw lv wr dvvxph wkdw djhqwv

fdq lghqwli| dqg fxuwdlo edg pdwfkhv lq rqh txduwhu wkh wlph ri d qrupdo pdwfk/ zloo ri frxuvh

ghshqg rq wkh frqwh{w1 Wkh srlqw/ wkrxjk/ lv wkdw wkhuh lv qr iuhh oxqfk= li orfdo lqirupdwlrq

+hvvhqwldoo| wkh frvwo| vfuhhqlqj ri edg pdwfkhv, lv wr vxevwlwxwh iru iuhh joredo lqirupdwlrq lq

vxvwdlqlqj frrshudwlrq/ wkhq wkdw orfdo lqirupdwlrq pxvw eh uhodwlyho| fkhds1

Uhwxuqlqj wr wkh jhqhudo 5 � 5 fdvh/ lw lv qdwxudo wr zrqghu krz idu wkh h�hfwv ri  h{leoh

pdwfklqj zloo h{whqg1 Dv pdwfklqj ehfrphv frpsohwho|  h{leoh/ zloo h!flhqw rxwfrphv dozd|v

hphujhB Wkh iroorzlqj wkhruhp gholplwv wkh h{whqw wr zklfk wklv lv wuxh1

Wkhruhp 5 Iru dq| v|pphwulf 5 � 5 jdph J wkdw vdwlv�hv +JS , dqg zlwk juhdwhvw orzhu

sd|r� j/ zkhq djhqwv kdyh orqj krul}rqv wkhuh lv vrph a{ vxfk wkdw olp
r3<" {W+{f> v, @ a{ dqg

olp
r<" �W+{f> v, @ j iru doo lqwhulru {f1

Surri1 Wkh wkhruhp zloo eh suryhg khuh iru jdphv zlwk �
Mu

@ �1 Wkh fdvh zlwk �
Mu

@ �@v

kdv d vlplodu  dyru> iru wkh surri/ vhh wkh dsshqgl{1 Vxssrvh wkdw d A f ru g ? 3 vr wkdw

wkh glvfrxqw idfwru jurzv odujh hqrxjk> khuh lw lv orzhu khplfrqwlqxlw| ri wkh fruuhvsrqghqfh pdsslqj r wr olplw
srlqwv wkdw idlov1

<Jkrvk dqg Ud| +4<<9, suhvhqw d prgho zlwk udwlrqdo/ iruzdug0orrnlqj djhqwv wkdw kdv dq htxloleulxp ri wklv
vruw1 Dovr/ Hvkho/ Vdpxhovrq/ dqg Vkdnhg +4<<;, ghprqvwudwh wkh hphujhqfh ri frrshudwlrq lq d hyroxwlrqdu|
prgho zlwk d gl�huhqw eudqg ri lplwdwlrq g|qdplfv wkdq wkdw xvhg khuh1
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�
Mu

@ �1 Qrwh wkdw lq hlwkhu fdvh/ d lv wkh juhdwhvw orzhu sd|r�1 Zh zloo vkrz wkdw a{
M

@ 4=

lq wkh olplw sod| frqyhujhv wr vwudwhj| K1 Il{ vrph lqwhulru {f dqg vrph % A 31 Zh pxvw

vkrz wkdw iru v odujh hqrxjk/ {W
M

+{f> v, A 4� %1 Zh gr wklv e| ghprqvwudwlqj wkdw iru v odujh

hqrxjk/ ��+{
M

> v, lv vwulfwo| srvlwlyh iru {
M

5 ^�%> 4 � �%` zkhuh �% @ plqi{f
M

> %j1 Wkhq hlwkhu

{
M

vwduwv deryh 4� �% dqg vwd|v wkhuh/ ru lw vwduwv zlwklq ^�%> 4� �%` dqg hyhqwxdoo| jurzv +dqg

uhpdlqv, juhdwhu wkdq 4��%1 Wrzdug wklv hqg/ uhfdoo wkdw ��+{
M

> v, @ d� 6Mu

%M
+d� f,� 6Mu

%u
g

dqg

p
Mu

@

s
4 . 7+u � 4,{

M

+4� {
M

,� 4

5+u � 4,

zkhuh u @ v2 li �
MM

@ �
uu

@ �@v dqg u @ v rwkhuzlvh1 Ehfdxvh p
Mu

kdv d vlqjoh shdn

dw {
M

@ 4@5/ p
Mu

+{
M

> v, � p
Mu

+4@5> v, @ �

2E�n

I
o�
1 Qrz fkrrvh �v+�%, vr wkdw 4 .

s
u A

+md� fm. mgm,@+5d�%,1 Wkhq/ li {
M

5 ^�%> 4� �%`/

mpMu

{
M

+d� f, .
p

Mu

{
u

gm � 4

5+4 .
s
u,
+
md� fm
{
M

.
mgm
{
u

,

� 4

5+4 .
s
u,
+
md� fm

�%
.
mgm
�%
,

? d

vr iru doo v A �v+�%,/ ��+{
M

> v, lv vwulfwo| srvlwlyh iru {
M

5 ^�%> 4 � �%`1 Wkhq/ iru doo v A �v+�%,/

{W
M

+{f> v, A 4� �% � 4� %1 Ehfdxvh % zdv duelwudu|/ olp
r<" {W

M

+{f> v, @ 41 Lw iroorzv gluhfwo|

wkdw olp
r<" �W+{f> v, @ d @ j1

Fruroodu| 5 Xqghu wkh frqglwlrqv ri wkh wkhruhp/ li j @ d/ wkhq a{
M

@ 41

Surri1 Wklv zdv ghprqvwudwhg deryh iru wkh fdvh zkhq �
Mu

@ �1 Iru wkh surri zkhq

�
Mu

@ �@v/ vhh wkh dsshqgl{1

Lw pd| eh pruh looxplqdwlqj wr orrn dw wkh lpsolfdwlrqv ri wklv wkhruhp iru ydulrxv vxefodvvhv

ri 5� 5 jdphv1 Dv pdwfklqj ehfrphv frpsohwho|  h{leoh/ wkh iroorzlqj duh wuxh1

� Frruglqdwlrq jdphv dqg vwdj kxqw jdphv frqyhujh wr wkh sd|r� grplqdqw htxloleulxp1

� Wkh sulvrqhu*v glohppd frqyhujhv wr ixoo frrshudwlrq1

� Kdzn0gryh jdphv frqyhujh wr hyhu|rqh sod|lqj �gryh1�

Kdzn0gryh jdphv kdyh wkh irup ri +KG,1 Wkh ehvw rxwfrph lv wr eh d kdzn +O, idflqj

d gryh +K,/ exw li rqh*v rssrqhqw lv d kdzn/ lw lv ehwwhu wr �edfn grzq� e| ehlqj d gryh143

43Dsrorjlhv iru wkh xqiruwxqdwh odeholqj � wkh ghvluh iru frqvlvwhqf| zlwk wkh uhvw ri wkh sdshu zrq rxw1

5<



Wkxv/ +K>O, dqg +O>K, duh Qdvk htxloleuld/ dqg xqghu udqgrp pdwfklqj/ wkh srsxodwlrq zloo

frqyhujh wr 5@6 kdzn/ 4@6 gryh1 Wklv jdph kdv vrphwklqj ri wkh  dyru ri wkh sulvrqhu*v

glohppd> khuh lw lv gryhv zkr fdq ehqh�w e| lvrodwlqj wkhpvhoyhv iurp kdznv1 Dv lq wkh

sulvrqhu*v glohppd/ iru �qlwh v wkhuh lv qr �doo0gryh� olplw srlqw= kdznv zloo dozd|v gr zhoo

lq vxfk d srsxodwlrq1 Krzhyhu/ dv wkh delolw| wr lvrodwh lpsuryhv/ wkh srsxodwlrq fdq pryh

duelwudulo| forvh wr �doo0gryh1�

K O

K 5> 5 4> 7

O 7> 4 3> 3

+KG,

Wklv jdph dovr looxvwudwhv wkh olplw ri  h{leoh pdwfklqj*v lpshwxv wrzdug h!flhqf|1 Iluvw ri

doo/ lw lv xqfohdu zkdw h!flhqf| vkrxog phdq khuh ehfdxvh wkhuh lv qrw d xqltxh Sduhwr rswlpdo

vwudwhj| sur�oh1 Krzhyhu/ li zh dvvxph wkdw djhqwv* sd|r�v duh frpsdudeoh/ wkhq zh pd| eh

lqwhuhvwhg lq sur�ohv wkdw pd{lpl}h wkh vxp ri sd|r�v/ zklfk lq wklv jdph rffxuv dorqj wkh

r�0gldjrqdo1 Ehfdxvh wkh jdph lv v|pphwulf/ dq| uhdvrqdeoh htxloleulxp frqfhsw lq zklfk

sod|huv duh dqrq|prxv +ru olplw srlqw ri dq hyroxwlrqdu| jdph, vkrxog kdyh doo sod|huv hduqlqj

wkh vdph h{shfwhg sd|r� +rwkhuzlvh vrph djhqwv frxog gr ehwwhu e| vzlwfklqj,1 Wkh odujhvw

sd|r� frqvlvwhqw zlwk wklv uhtxluhphqw lv 5=8/ zklfk lv jhqhudwhg iurp wkh fruuhodwhg sur�oh

lq zklfk +K>O, lv sod|hg kdoi wkh wlph dqg +O>K, lv sod|hg wkh rwkhu kdoi ri wkh wlph1 Wkh

g|qdplfv khuh kdyh qr krsh ri jhqhudwlqj ehkdylru ri wklv vruw ehfdxvh ri wkh dvvxpswlrq wkdw

vwudwhj| fkdqjhv kdsshq vorzo|1 Lw vhhpv olnho| wkdw lq d gl�huhqw prgho/ zlwk txlfn vwudwhj|

fkdqjhv dqg vrph frpprq lqirupdwlrq iru djhqwv wr frqglwlrq wkhlu ehkdylru rq/ wkdw sod|

uhvhpeolqj wkh fruuhodwhg htxloleulxp frxog eh uhdfkhg e| vrph dgdswlyh g|qdplfv1 Khuh lw

lv fohdu wkdw wkh frqqhfwlrq ri  h{leoh pdwfklqj wr h!flhqf| lv zhdn1 Ioh{leoh pdwfklqj rqo|

lpsolhv wkdw rxwfrphv lq zklfk dw ohdvw rqh djhqw hduqv d orz sd|r� duh uduh1 Wklv whqgv wr

lqfuhdvh dyhudjh sd|r�v zkhq wkh rxwfrph wkdw pd{lpl}hv wkh vxp ri sd|r�v wuhdwv wkh wzr

sod|huv htxdoo|1 Krzhyhu/ zkhq wkdw rxwfrph idyruv rqh sod|hu/  h{lelolw| hqfrxudjhv wkh rwkhu

sod|hu wr hlwkhu fkdqjh vwudwhjlhv ru h{lw wkh pdwfk/ erwk ri zklfk uhgxfh wkh dyhudjh sd|r� lq

wkh srsxodwlrq11

8 Lqwhusuhwlqj wkh Uhvxowv

Lq rughu wr frqvwuxfwlyho| dvvhvv wkh dvvxpswlrqv dqg uhvxowv ri wklv prgho/ lw lv khosixo wr

orrn dw wkhp lq wkh frqwh{w ri uhodwhg zrun1 Wkh prgho*v sulpdu| olqhdjh lv wkh olwhudwxuh rq

ohduqlqj dqg hyroxwlrqdu| jdph wkhru|1 Wkh prghov lq wklv olwhudwxuh xvxdoo| ghvfuleh d zruog
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lq zklfk d odujh qxpehu ri djhqwv uhshdwhgo| lqwhudfw zlwk hdfk rwkhu/ dqg wkh rxwfrphv ri

wkhvh lqwhudfwlrqv jhqhudwh vrph g|qdplf surfhvv rq wkh vwudwhjlhv xvhg e| wkh djhqwv1 Zlwklq

wklv uxeulf/ wkhuh lv d juhdw ghdo ri glyhuvlw| lq krz wkh g|qdplfv duh prghohg1 Iru h{dpsoh/

dw rqh h{wuhph/ lq wkh sdudgljp lqwurgxfhg iurp hyroxwlrqdu| elrorj| e| Pd|qdug Vplwk/

djhqwv duh wdnhq wr eh jhqhwlfdoo| surjudpphg wr sod| gl�huhqw vwudwhjlhv/ dqg wkh g|qdplfv

vhohfw iru ehwwhu shuiruplqj djhqwv1 Dw wkh rwkhu h{wuhph duh prghov ri udwlrqdo ohduqlqj olnh

Ixghqehuj dqg Ohylqh +4<<6,/ lq zklfk djhqwv kdyh frpsohwh  h{lelolw| lq fkrrvlqj vwudwhjlhv

dqg wkh g|qdplfv ghvfuleh djhqwv* ehvw uhvsrqvhv wr hyroylqj eholhiv derxw krz rwkhu djhqwv

zloo sod|1 P| frqfhswlrq ri vwudwhj| fkdqjh olhv ehwzhhq wkhvh wzr ehqfkpdunv> p| djhqwv

fkdqjh vwudwhjlhv/ exw wkhuh duh lpsolflw dgmxvwphqw frvwv/ vr fkdqjh lv vorz1 Wkh zd| wkdw

djhqwv lqwhudfw zlwk hdfk rwkhu kdv dovr ehhq prghohg lq d ydulhw| ri zd|v/ exw zlwk d ihz

h{fhswlrqv/ wkh lqwhudfwlrq vwuxfwxuh kdv ehhq wdnhq wr eh h{rjhqrxv1 Ehfdxvh wkhvh prghov

whqg wr suhglfw wkdw wkh htxloleulxp frqyhujhg wr +zkhq wkhuh duh pruh wkdq rqh, zloo ghshqg

rq lqlwldo frqglwlrqv zkhq wkh g|qdplfv duh ghwhuplqlvwlf/ d erg| ri zrun iroorzlqj Ndqgrul/

Pdlodwk/ dqg Ure +4<<6, dqg \rxqj +4<<5, irfxvhv rq lghqwli|lqj zklfk htxloleuld duh vwdeoh

zkhq qrlvh lv dgghg wr wkh g|qdplfv1 Lq d eurdg vhohfwlrq ri prghov/ wkh ulvn grplqdqw

htxloleulxp fdq eh vkrzq wr eh xqltxho| vwdeoh lq frruglqdwlrq jdphv zlwk ydqlvklqj qrlvh/

hyhq li lw lv qrw h!flhqw144 Urxjko|/ wklv lv ehfdxvh qrlvh shulrglfdoo| nqrfnv wkh v|vwhp rxw ri

htxloleulxp/ dqg wkh ulvn grplqdqw vwudwhj| shuirupv zhoo pruh riwhq lq wkhvh glvhtxloleulxp

vlwxdwlrqv wkdq wkh rwkhu vwudwhj| grhv1

Krzhyhu/ wklv uhvxow klqjhv rq wkh h{rjhqhlw| ri wkh lqwhudfwlrq vwuxfwxuh +ru rq wkh sdxflw|

ri lqirupdwlrq/ ghshqglqj rq krz rqh zlvkhv wr wklqn derxw lw,1 Dq djhqw lv dvvxphg wr eh

lqfdsdeoh ri lghqwli|lqj dqg vhohfwlyho| lqwhudfwlqj zlwk vxejurxsv ri djhqwv zkr duh pruh olnho|

wr eh sod|lqj vwudwhjlhv wkdw vkh frqvlghuv idyrudeoh1 Wklv pd| eh hlwkhu ehfdxvh vkh fdqqrw

frqwuro khu lqwhudfwlrqv ru ehfdxvh vkh kdv qr uholdeoh lqirupdwlrq zlwk zklfk wr glvwlqjxlvk

srwhqwldo rssrqhqwv1 Pruh uhfhqwo|/ wkhvh dvvxpswlrqv kdyh ehhq fkdoohqjhg e| Nlp dqg Vreho

+4<<8,/ Ho| +4<<9,/ dqg rwkhuv1 Nlp dqg Vreho kdyh d prgho lq zklfk vwudwhj| fkdqjh lv txlfn

dqg qrwh wkdw zkhq wkh jdph kdv frpprq lqwhuhvwv dqg djhqwv fdq frppxqlfdwh vx!flhqwo|

zhoo/ dqqrxqfhphqwv ri rqh*v lqwhqwlrqv wr sod| wkh h!flhqw vwudwhj| fdq eh fuhgleoh/ vr wkdw

xvlqj dqg uhvsrqglqj wr wkhvh dqqrxqfhphqwv fdq surylgh dq dgdswlyh dgydqwdjh1 Zkhq

vwudwhj| fkdqjh lv vorz +vr wkdw rqh*v vwudwhj| fdqqrw eh wdloruhg wr hdfk lqglylgxdo rssrqhqw,/

wklv vruw ri vljqdolqj lv rqo| khosixo li djhqwv fdq lvrodwh wkhlu lqwhudfwlrqv rq wkh edvlv ri

wkhvh vljqdov1 Ho| dqg Rhvvfkohu +4<<:, erwk jlyh djhqwv dq lqvwuxphqw zlwk zklfk wkh| fdq

lq xhqfh zkr wkh| lqwhudfw zlwk +lq erwk fdvhv wklv lv wkrxjkw ri dv d fkrlfh ri orfdwlrq/ dowkrxjk

wkh lqwhusuhwdwlrq qhhg qrw eh jhrjudsklf, dqg vkrz wkdw djhqwv fdq xvh wklv lqvwuxphqw wr

frruglqdwh rq wkh h!flhqw vwudwhj|1

44Iru frqwuduldq srvlwlrqv/ vhh Ehujlq dqg Olspdq +4<<9,/ dqg Urevrq dqg Yhjd0Uhgrqgr +4<<9,11

64



Krzhyhu/ lq wkhvh prghov wkhuh lv d whqvlrq ehwzhhq wkh delolw| ri djhqwv wr lvrodwh wkhp0

vhoyhv/ zklfk pxvw eh uhodwlyho| jrrg li dq h!flhqw exw iudjloh vwudwhj| lv wr eh qxuwxuhg/ dqg

wkh lqirupdwlrq  rz iurp wkdw lvrodwhg jurxs wr wkh odujhu srsxodwlrq/ zklfk pxvw dovr eh

jrrg li wkdw vwudwhj| lv wr jurz1 Erwk Ho| dqg Rhvvfkohu dvvxph wkdw lqirupdwlrq derxw

wkh lvrodwhg srfnhw ri h!flhqf| lv jrrg/ qrw qhfhvvdulo| lq wkh vhqvh wkdw lw duulyhv txlfno|

+zklfk lw pd| qrw,/ exw pruh lq wkh vhqvh wkdw lw lv frpsohwh � zkhq dq djhqw ohduqv derxw

wklv srfnhw ri h!flhqf|/ vkh lq rqh ihoo vzrrs ohduqv hyhu|wklqj qhfhvvdu| wr fkdqjh vwudwhjlhv

dqg lvrodwh khuvhoi lq wkh vdph zd|1 P| prgho iroorzv wkh vslulw ri wkhvh wzr lq hqgrjhql}lqj

lqwhudfwlrq/ exw gl�huv lq wzr sulqflsdo zd|v1 Iluvw/ wkh lqvwuxphqw wkdw p| djhqwv xvh wr

lq xhqfh lqwhudfwlrq/ h{whqglqj pdwfk ohqjwk/ lv qrw frvwohvv ehfdxvh djhqwv idfh wkh lpsolflw

frvw ri vfuhhqlqj rxw edg pdwfkhv ehiruh uhdslqj wkh ehqh�wv ri lvrodwlrq1 Wklv lpsolflw frvw

lv hqgrjhqrxv wr wkh prgho dqg dv zh kdyh vhhq/ lw lv vrphwlphv txlwh kljk1 Vhfrqg/ lq p|

prgho/ lqirupdwlrq lv kdug wr frph e|/ dqg ohduqlqj d qhz vwudwhj| fdq eh gl!fxow1 Wklv lv

fdswxuhg lq wkh idfw wkdw wkh udwh ri vwudwhj| fkdqjh ghshqgv rq djhqwv* gluhfw h{srvxuh wr

gl�huhqw vwudwhjlhv1 Dv wkh odvw vhfwlrq ghprqvwudwhg/ wkh odwwhu idfwru dorqh zloo qrw suhyhqw

h!flhqw orqj uxq rxwfrphv zkhq djhqwv dvvhvv wkh frvwv dqg ehqh�wv suhvhqwhg e|  h{lelolw|

iurp d orqj whup shuvshfwlyh145 Krzhyhu/ zkhq djhqwv duh vkruwvljkwhg/ wkhlu shufhswlrqv ri dq

h!flhqw exw iudjloh vwudwhj| xqghu  h{lelolw| pd| eh froruhg e| wkh idfw wkdw wkh frvwv xvlqj wkh

h!flhqw vwudwhj| duh iurqwordghg +lq wkh irup ri vfuhhqlqj edg pdwfkhv, dqg wkh ehqh�wv duh

edfnordghg1 Lq wklv fdvh/ hyhq wkrxjk wkh xqghuo|lqj jdph pd| kdyh frpprq lqwhuhvwv/ wkh

odujhu jdph lqfrusrudwlqj djhqwv* ghflvlrqv derxw zkr wr pdwfk zlwk grhv qrw= iru h{dpsoh/

zkhq wzr djhqwv sod|lqj K uhqhz d pdwfk/ wkhlu sd|r�v lpsuryh/ exw wkrvh ri rwkhu djhqwv

sod|lqj K gurs/ dv wkhlu fkdqfhv ri uhpdwfklqj vxffhvvixoo| kdyh mxvw idoohq1

Zkloh lq wklv prgho lw lv wkh krul}rq ryhu zklfk djhqwv dvvhvv wkhlu sd|r�v wkdw ghwhuplqhv

krz  h{lelolw| zloo d�hfw orqj uxq ehkdylru/ rqh fdq hdvlo| lpdjlqh vlplodu prghov lq zklfk wkh

dvvhvvphqw ri sd|r�v frxog eh jlyhq gl�huhqw lqwhusuhwdwlrqv1 Wr wdnh rqh vlpsoh h{dpsoh/

vxssrvh wkdw djhqwv duh vkruwvljkwhg exw vlpxowdqhrxvo| hqjdjh lq vhyhudo uhodwlrqvklsv udwkhu

wkdq mxvw rqh1 Wkh| pxvw xvh wkh vdph vwudwhj| lq hdfk uhodwlrqvkls/ dqg wkh| kdyh wkh vdph

delolw| wr h{lw ru uhqhz hdfk ri wkhvh pdwfkhv dv lq wkh vwdqgdug prgho1 Li wkhvh pxowlsoh

uhodwlrqvklsv duh lqghshqghqw ri hdfk rwkhu/ wkh| zloo whqg wr vprrwk dq djhqw*v sd|r� wrzdug

lwv wlph dyhudjh1 Iru h{dpsoh/ lw zloo eh uduh iru dq djhqw sod|lqj wkh h!flhqw vwudwhj| wr eh

frpsohwho| glvfrxudjhg zlwk lw ehfdxvh wkdw zrxog uhtxluh doo ri khu pdwfkhv wr kdyh hqghg

pruh ru ohvv vlpxowdqhrxvo|1 Wkhq wkh g|qdplfv zloo froodsvh wr wkh vwdqgdug prgho zkhq wkh

qxpehu ri frqfxuuhqw pdwfkhv lv rqh/ dqg wkh| zloo dssurdfk wkh orqj krul}rqv prgho zkhq wkh

qxpehu ri pdwfkhv lv odujh1 Frqvhtxhqwo|/  h{lelolw| zloo hqkdqfh h!flhqf| lq srsxodwlrqv wkdw

45Dowkrxjk wklv pd| eh mxvw dq duwlidfw ri wkh uhvwulfwlrq wr 2 f 2 jdphv/ zkhuh/ ehfdxvh wkhuh lv rqo| rqh
vwdwh yduldeoh/ rqo| wkh vljq ri wkh g|qdplfv +dqg qrw wkh vshhg, pdwwhuv iru orqj uxq frqyhujhqfh1 Zlwk pruh
vwudwhjlhv/ wkh uhodwlyh udwhv ri jurzwk ri ydulrxv vwudwhjlhv zloo w|slfdoo| pdwwhu dv zhoo1
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duh ghqvho| frqqhfwhg/ exw srvvleo| kxuw lw lq srsxodwlrqv wkdw duh pruh vsduvho| frqqhfwhg146

Lq frqwudvw zlwk d suhsrqghudqfh ri wkh zrun lq wklv duhd/ L frqfhqwudwh rq ghwhuplqlvwlf

g|qdplfv147 L gr vr sulqflsdoo| ehfdxvh L dp lqwhuhvwhg lq ghvfulelqj orqj uxq ehkdylru udwkhu

wkdq zkdw Elqpruh/ Vdpxhovrq/ dqg Ydxjkdq +4<<8, kdyh whuphg wkh �xowud0orqj uxq/� l1h1/

wkh wlph iudph ryhu zklfk d v|vwhp zlwk yhu| vpdoo shuwxuedwlrqv uhdol}hv lwv hujrglf glvwulex0

wlrq/ zklfk dv Hoolvrq +4<<6, kdv ghprqvwudwhg/ pd| eh orqjhu wkdq dq| uhdvrqdeoh shulrg ri

revhuydwlrq1 Ri frxuvh/ d vwdelolw| dqdo|vlv dnlq wr vwrfkdvwlf vwdelolw| frxog eh dssolhg pruh

ru ohvv gluhfwo| wr wklv prgho/ exw lw zrxog qrw dgg yhu| pxfk> doo ri wkh qhz lqwxlwlrq olhv lq

wkh ghwhuplqlvwlf g|qdplfv148

Lq ghvljqlqj p|  h{leoh pdwfklqj surfhvv/ L kdyh iroorzhg wkh dpsoh olwhudwxuhv rq vhdufk

dqg pdwfklqj lq vrph zd|v dqg glyhujhg lq rwkhuv1 L zloo kljkoljkw wkh gl�huhqfhv ehfdxvh

wkh| duh ri wkh prvw lqwhuhvw1 Iluvw ri doo/ doo ri wkh iulfwlrq lq pdwfklqj lv vxssolhg hqwluho|

e| wkh srvvlelolw| ri hqwhulqj edg pdwfkhv> p| djhqwv duh qhyhu �xqhpsor|hg1� Wklv lv qrw

qhfhvvdu|/ exw lw lv ghvludeoh li wkh prgho lv wr eh wkrxjkw ri dv jdph wkhru|1 E| lqwurgxflqj

xqhpsor|phqw/ dqg d ydoxh dvvrfldwhg zlwk lw/ L zrxog h�hfwlyho| qrupdol}h sd|r�v e| vrph0

wklqj h{whuqdo wr wkh jdph irup dqg srwhqwldoo| pdnh wkh vrxufh ri wkh uhvxowv pruh gl!fxow

wr lghqwli|1 Lq d vlplodu vslulw/ p| djhqwv h{huflvh frqwuro ryhu pdwfklqj h{ srvw udwkhu wkdq

h{ dqwh= wkh| ghflgh krz txlfno| wr ohdyh pdwfkhv/ exw wkh| fdqqrw lghqwli| dqg uhixvh edg

pdwfkhv ehiruh hqwhulqj wkhp1 Wklv lv pruh frqvlvwhqw zlwk d zruog lq zklfk h{ljhqflhv irufh

sdluv ri djhqwv wr zrun wrjhwkhu iru d zkloh wkdq zlwk rqh lq zklfk wkrvh h{ljhqflhv rqo| gh0

whuplqh zklfk djhqwv phhw1 Wkh ihdwxuh wkdw djhqwv ghflgh zklfk pdwfkhv wr uhqhz zlwk dq

h|h wrzdug d +srvvleo| dgyhuvho|, vhohfwhg uhpdwfklqj srro lv ghyhorshg pxfk pruh hoderudwho|

lq Prqwjrphu| +4<<<, dqg Exughww dqg Frohv +4<<;,/ zkr erwk ghprqvwudwh wkh srvvlelolw|

wkdw f|fohv pd| eh jhqhudwhg1 Lq rughu wr pdqdjh erwk vwudwhj| fkdqjh dqg pdwfk hqgr0

jhqhlw|/ L kdyh uhvwulfwhg djhqwv wr d sduwlfxoduo| vlpsoh vhw ri h{lw rswlrqv/ exw wkh txdolwdwlyh

frqfoxvlrqv zrxog qrw fkdqjh gudpdwlfdoo| zlwk d pruh frpsoh{ pdwfklqj iudphzrun1 Wkh

fxuuhqw iudphzrun h{whqgv gluhfwo| wr pruh wkdq wzr vwudwhjlhv/ exw wkh udqnlqj ri wkh rxwvlgh

rswlrq uhodwlyh wr  rz sd|r�v zloo qr orqjhu eh ghjhqhudwh1 Zlwk irxu ru pruh vwudwhjlhv/ wklv

surgxfhv qhz frruglqdwlrq sureohpv= wkhuh pd| eh pxowlsoh vhwv ri frqvlvwhqw h{lw ghflvlrqv/

ehfdxvh wkh pdwfkhv wkdw rqh w|sh frqvlghuv wr eh ehwwhu wkdq dyhudjh ghshqg rq lwv shufhlyhg

46Ri frxuvh/ d wuxo| lqwhuhvwlqj prgho zrxog hqgrjhql}h wklv qxpehu ri frqfxuuhqw pdwfkhv1 Rqh fdq iruhvhh
wkdw wkh qxpehu ri pdwfkhv zrxog suredeo| eh vxerswlpdo iru vwdqgdug uhdvrqv +djhqwv gr qrw lqwhuqdol}h wkh
frqwdjlrq h�hfwv zkhq wkhlu edg h{shulhqfhv zlwk wkh h!flhqw vwudwhj| ohdg wkhp wr vzlwfk/ vr wkh| gr qrw
�lqvxuh� hqrxjk djdlqvw wkrvh edg h{shulhqfhv,/ exw wkhuh duh doo vruwv ri rwkhu lvvxhv wr h{soruh dv zhoo1

47Wkdw lv/ ghwhuplqlvwlf dw wkh djjuhjdwh ohyho1 Ri frxuvh/ lqglylgxdo djhqwv zrxog qrw frqvlghu dq|wklqj derxw
wklv prgho ghwhuplqlvwlf1

48Pruh ru ohvv/ ehfdxvh wkhuh zrxog eh d ihz/ vxuprxqwdeoh whfkqlfdo revwdfohv wr ryhufrph1 Lq rughu wr dsso|
vwrfkdvwlf vwdelolw| gluhfwo|/ rqh zrxog kdyh wr uhirupxodwh wkh prgho zlwk d �qlwh qxpehu ri djhqwv +exw doo
ri wkh lqwxlwlrq iurp wkh frqwlqxxp fdvh zrxog fduu| wkurxjk,1 Dowhuqdwlyho|/ rqh frxog lqmhfw qrlvh lqwr wkh
frqwlqxxp srsxodwlrq gluhfwo|/ lq wkh vw|oh ri Ixghqehuj dqg Kduulv +4<<5,1
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sd|r�/ zklfk lq wxuq ghshqgv rq wkh h{lw ghflvlrqv pdgh e| rwkhu djhqwv1

Ilqdoo|/ p| vshfl�fdwlrq ri ohduqlqj lv prwlydwhg lq sduw e| uhfhqw zrun/ erwk wkhruhwlfdo

dqg hpslulfdo/ wkdw hpskdvl}hv krz djhqwv* fkrlfhv duh lq xhqfhg e| wkh fkrlfhv ri wkrvh wkh|

lqwhudfw zlwk1 Wklv lq xhqfh pd| rshudwh e| lqfuhdvlqj wkh vdolhqfh ri fhuwdlq vwudwhjlhv/ e|

lqwurgxflqj lqirupdwlrq derxw wkh uhzdugv wr wkrvh vwudwhjlhv +dv L kdyh dvvxphg,/ e| surylglqj

dq dffhvvleoh h{dpsoh iurp zklfk wr olwhudoo| ohduq krz wr sod| d frpsoh{ vwudwhj|/ ru wkurxjk

d qxpehu ri rwkhu fkdqqhov +vrph hfrqrplf/ dqg vrph qrw,149 Gxuodxi +5333, surylghv d jrrg

vxuyh|/ sduwlfxoduo| ri wkh vrflrorjlfdo hylghqfh/ zkloh Edod dqg Jr|do +4<<;, dqg Hoolvrq dqg

Ixghqehuj +4<<6 dqg 4<<8, jlyh wkhruhwlfdo fkdudfwhul}dwlrqv ri wklv vruw ri orfdo vrfldo ohduqlqj1

Zkhq orfdo ohduqlqj lv lpsruwdqw/ dq| vhoi0vruwlqj wkdw djhqwv gr zloo d�hfw zkdw wkh| ohduq/

dqg wkurxjk wklv/ wkh dfwlrqv wkh| fkrrvh1 Wkh srvvlelolw| wkdw wklv vruw ri ihhgedfn frxog

ohdg wr wkh hqwuhqfkphqw ri vrph djhqwv lq d vxerswlpdo vwudwhj| lv h{soruhg e| Slnhww| +4<<8,

dqg Ihuqdqgh} dqg Urjhuvrq +5333,/ dprqj rwkhuv1 P| prgho frxog eh lqwhusuhwhg urxjko|

dv d prgho ri orfdo ohduqlqj lq zklfk ohduqlqj/ ehfdxvh lw rffxuv wkurxjk sod| ri wkh jdph/

lpsrvhv dq h{whuqdolw| rq wkh djhqw rqh ohduqv iurp1 Li djhqwv sod|lqj O gudj grzq wkh sd|r�v

ri djhqwv sod|lqj K zkhq wkh| ohduq iurp wkhp/ wkhq doorzlqj djhqwv pruh  h{lelolw| wr vruw

wkhpvhoyhv khosv wr lqvxodwh wkrvh douhdg| sod|lqj wkh h!flhqw vwudwhj|/ ureelqj wkh rwkhuv ri

wkh rssruwxqlw| wr ohduq1

9 Frqfoxvlrq

Doorzlqj djhqwv wr eulqj wkhlu h{shulhqfh lq d odujhu srsxodwlrq wr ehdu rq krz wkh| sod| d

jdph djdlqvw d vshfl�f rssrqhqw kdv suryhg wr eh d ydoxdeoh dqg shuvxdvlyh zd| wr h{sodlq

krz htxloleulxp eholhiv pd| irup1 Wklv prgho vwhpv iurp p| frqylfwlrq wkdw wkhuh lv dq

htxdoo| lqwhuhvwlqj vwru| lq krz djhqwv xvh wklv eurdghu h{shulhqfh wr ghflgh zkr wr sod|1 Wklv

fkrlfh lv hqgrjhql}hg lq dq h{wuhpho| vlpsoh zd| � djhqwv xvh wkhlu shufhlyhg rxwvlgh rswlrqv

wr ghflgh zkhwkhu wr frqwlqxh sod|lqj djdlqvw d fxuuhqw rssrqhqw1 Wklv vlpsoh irupxodwlrq

lqwhudfwv zlwk wkh surfhvv ri eholhi irupdwlrq wr jhqhudwh uhvxowv wkdw duh gl�huhqw iurp wkh

vwdqgdug prgho/ vrphwlphv vxewo| vr1 Hqgrjhqrxv pdwfklqj fdq lpsuryh uhwxuqv wr vwudwhjlhv

wkdw duh h!flhqw lq htxloleulxp/ exw iudjloh rxw ri lw/ e| shuplwwlqj djhqwv xvlqj wkrvh vwudwhjlhv

wr lvrodwh wkhpvhoyhv iurp wkrvh zkr duh qrw1 Krzhyhu/ zkhq wklv lvrodwlrq dovr pdnhv wkh

vxffhvv ri h!flhqw vwudwhjlhv kdughu wr ohduq derxw/ wkh qhw h�hfw ri hqgrjhqrxv pdwfklqj pd|

eh wr pdnh wkh orqj uxq vxuylydo ri h!flhqw vwudwhjlhv ohvv olnho|1 Zkhq djhqwv kdyh pruh

sdwlhqfh zlwk wkh f|folfdolw| ri wkhlu sd|r�v/ h!flhqf| lv pruh olnho| wr vxuylyh/ exw lw pd| eh

dw wkh h{shqvh ri d shuvlvwhqw �jkhwwr� ri djhqwv sod|lqj lqh!flhqwo| zkr duh glvfrxudjhg iurp

49Wklv odvw srvvlelolw| vhhpv xqghuh{soruhg> Vhwkl +4<<;, +zklfk lqfrusrudwhv wkh gl!fxow| ri ohduqlqj d vwudwhj|
lq dq rwkhuzlvh vwdqgdug hyroxwlrqdu| prgho, lv wr p| nqrzohgjh wkh rqo| sdshu wr dgguhvv lw1
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dgrswlqj wkh h!flhqw vwudwhj| e| wkh yhu| lvrodwlrq wkdw pdnhv lw sur�wdeoh1 E| looxvwudwlqj

d vlwxdwlrq lq zklfk ohduqlqj uhpdlqv hqgrjhqrxvo| lqfrpsohwh iru d orqj wlph/ wklv prgho

vxjjhvwv wkh gluhfwlrqv lq zklfk d ixoo wkhru| ri hqgrjhqrxvo| lqfrpsohwh vrfldo ohduqlqj pljkw

jr1 D udslgo| lqfuhdvlqj erg| ri hpslulfdo hylghqfh dwwhvwv wkdw vxfk d wkhru| lv vruho| qhhghg>

lwv ghyhorsphqw zloo kdyh wr dzdlw ixwxuh zrun1
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htxdwlrq/ vr wkh| fdq eh zulwwhq lq forvhg irup1 Ehfdxvh wkhvh forvhg irup vroxwlrqv duh qrw

yhu| looxplqdwlqj/ L uhvruw wr wkhp rqo| zkhq qhfhvvdu|1 Iru qrz/ zh zloo mxvw pdnh xvh ri

wkh idfw wkdw ��+{
M

mv, furvvhv }hur dw prvw wzr wlphv rq wkh lqwhuydo ^3> 4`1 E| h{dplqlqj

��+{
M

mv, dw lwv hqgsrlqwv/ zh fdq uhvwulfw lwv ehkdylru ixuwkhu1 Xvlqj wkh idfw wkdw wkh vkduh

ri wlph vshqw sod|lqj wkh rwkhu w|sh/ p
Mu

@{
�

/ jrhv wr 4 dv {
�

jrhv wr 3 dqg jrhv wr 3 dv {
�

jrhv

wr 4/ zh kdyh ��+3mv, @ f dqg ��+4mv, @ d�g1 Wkhuh duh vhyhudo fdvhv wr frqvlghu> �uvw L orrn
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dw wkh irxu srvvlelolwlhv zkhq �
Mu

@ � +wkdw lv/ d A f ru g ? 3, vr wkdw lqfuhdvlqj  h{lelolw|

uhgxfhv r�0gldjrqdo sod|1

Fdvh 4= d A g dqg f ? 3

Wkhq ��+{
M

mv, furvvhv }hur dw ohdvw rqfh/ dqg jhqhulfdoo| rqo| rqfh1 Odwhu L zloo vkrz

wkdw lw lv vdih wr ljqruh wkh srvvlelolw| ri d vhfrqg }hur1 Wkhq/ iru vrph �{+v,/ ��+{
M

mv, ? 3 li

{
M

? �{+v, dqg ��+{
M

mv, A 3 li {
M

A �{+v,1 Qrwh wkdw dw �{+v,/ ��+{
M

mv, @ 3 lpsolhv wkdw

d @p
Mu

+�{+v,> v,+
d� f

�{+v,
.

g

4� �{+v,
,

Slfn v� A v1 Wkhq p
Mu

ghfuhdvlqj lq v dqg d A 3 phdq wkdw

d A p
Mu

+�{+v,> v�,+
d� f

�{+v,
.

g

4� �{+v,
,

Exw wkhq/ ��+�{+v,mv�, A 3/ vr zh pxvw kdyh �{+v�, ? �{+v,1 Ehfdxvh {
M

lv frqwlqxrxv dqg

srvlwlyh h{dfwo| zkhq ��+{
M

mv, A 3/ {W
M

+{f> v, @ 4 li {f A �{+v, dqg {
M

+{f> v, @ 3 li {f ? �{+v,1

Wkhuhiruh/

�W+{f> v, @ d li {f
M

A �{+v,

@ 3 li {f
M

? �{+v,

Ehfdxvh �{+v, lv ghfuhdvlqj lq v/ �W+{f> v, lv lqfuhdvlqj lq v1 Ohw [f+v, @ i{fm{f
M

5
+�{+v,> �{+4,,j1 Wklv vhw lv jurzlqj lq v/ dqg doo lqlwldo srlqwv lq [f+v, frqyhujh wr vwulfwo| kljkhu

sd|r�v xqghu v wkdq wkh| zrxog kdyh xqghu udqgrp pdwfklqj= �W+{f> v, @ d A �W+{f> 4, @ 3

iru doo {f 5 [f+v,1

Qrz vxssrvh wkdw wkhuh lv vrph v vxfk wkdw ��+{
M

mv, lv wdqjhqw wr wkh {
M

0d{lv dw {�
M

/ zlwk

{�
M

A �{+v,1 Ehfdxvh ��+{
M

m4, lv olqhdu/ zh fdq vdiho| dvvxph wkdw v A 31 Ehfdxvh {�
M

A �{+v,/

��+{
M

mv, lv srvlwlyh lq d qhljkerukrrg ri {�
M

1 Exw wkhq zh fdq wdnh v� @ v� %/ dqg e| wkh

vdph orjlf dv deryh/ ��+{�
M

mv�, ? 31 Iru % vpdoo hqrxjk/ wkhuh zloo vwloo eh srlqwv ehwzhhq

�{+v�, dqg {�
M

iru zklfk ��+{
M

mv�, lv srvlwlyh1 Exw wkhq ��+{
M

mv�, fkdqjhv vljq wkuhh wlphv

dqg pxvw kdyh wkuhh }hurv/ d frqwudglfwlrq1 Vlploduo|/ wkhuh fdq eh qr vhfrqg }hur wr wkh ohiw

ri �{+v,/ vr wkh dvvxpswlrq ri rqh }hur lv ydolg1

Fdvh 5= d A g dqg f A 3

��+3mv, dqg ��+4mv, duh erwk srvlwlyh/ vr ��+{
M

mv, jhqhulfdoo| furvvhv }hur hlwkhu qhyhu

ru wzlfh1 Xqghu udqgrp pdwfklqj/ ehfdxvh K lv d grplqdqw vwudwhj|/ wkh sd|r� gl�huhqfh lv

dozd|v srvlwlyh1 Wrzdug d frqwudglfwlrq/ ohw v� eh wkh ohdvw v vxfk wkdw wkh sd|r� gl�huhqfh
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kdv d }hur/ dqg ohw ��+{�
M

mv�, @ 31 Wkhq wdnh v�� ? v�1 Zh kdyh

d @ p
Mu

+{�
M

> v�,+
d� f

{�
M

.
g

4� {�
M

,

? p
Mu

+{�
M

> v��,+
d� f

{�
M

.
g

4� {�
M

,

vr ��+{�
M

> v��, ? 31 Exw wkhq/ ��+{
M

> v��, fkdqjhv vljq wzlfh dqg pxvw kdyh wzr }hurv/

frqwudglfwlqj wkh plqlpdolw| ri v1 Wkxv ��+{
M

mv, A 3 iru doo {
M

dqg v/ vr doo wudmhfwrulhv

frqyhujh wr {
M

@ 41 Lq wklv fdvh/ ehfdxvh wkh v|vwhp dozd|v frqyhujhv wr wkh juhdwhvw orzhu

sd|r� xqghu udqgrp pdwfklqj/  h{leoh pdwfklqj kdv qr dgglwlrqdo h�hfw1

Fdvh 6= d ? g dqg f A 3

Khuh��+3mv, A 3 A ��+4mv, vr��+{
M

mv, furvvhv }hur h{dfwo| rqfh1 +Dgglwlrqdo qrqjhqhulf

}hurv fdq eh uxohg rxw lq wkh vdph zd| dv lq Fdvh 41, Fdoo wkh }hur �{+v, dqg revhuyh wkdw

��+{
M

mv, lv srvlwlyh zkhq {
M

? �{+v, dqg qhjdwlyh zkhq {
M

A �{+v,/ vr doo lqwhulru sdwkv

frqyhujh wr {
M

@ �{+v,1 Lq h{dfwo| wkh vdph zd| dv iru Fdvh 4/ zh fdq vkrz wkdw v� A v lpsolhv

wkdw ��+�{+v,mv�, A 3/ vr �{+v�, A �{+v, dqg wklv wlph �{+v, lv vwulfwo| lqfuhdvlqj lq v1 Wkh orqj

uxq sd|r� lv �W+{f> v, @ �
M

+�{+v,> v, @ d � +d � f,p
Mu

@�{+v,1 E| dvvxpswlrq v�2 @ v dqg

g A d A 3/ vr zh pxvw kdyh d� f A 31 Wkhuhiruh/ �W+{f> v, zloo eh lqfuhdvlqj lq v li p
Mu

@�{+v,

lv ghfuhdvlqj lq v1 Xvlqj wkh idfw wkdw p
Mu

@{
M

lv ghfuhdvlqj lq {
M

kroglqj v �{hg dqg wkh

idfw wkdw p
Mu

lv ghfuhdvlqj lq v/ iru v� A v zh kdyh

p
Mu

+�{+v�,> v�,

�{+v�,
?
p

Mu

+�{+v�,> v,

�{+v�,
?
p

Mu

+�{+v,> v,

�{+v,

vr p
Mu

@�{+v, lv lq idfw ghfuhdvlqj lq v/ dqg wkh orqj uxq sd|r� lqfuhdvhv zlwk  h{lelolw|1 Lq

wklv fdvh/ doo lqfuhdvhv lq v udlvh wkh orqj uxq sd|r� iru doo lqwhulru wudmhfwrulhv= zh fdq wdnh

[f+v, @ +3> 4,1

Fdvh 7= d ? g dqg f ? 3

Qrz��+3mv, dqg��+4mv, duh erwk qhjdwlyh/ vr wkhuh duh jhqhulfdoo| }hur ru wzr srlqwv zkhuh
wkh sd|r� gl�huhqfh lv }hur1 Lq sduwlfxodu/ xqghu udqgrp pdwfklqj/ ��+{

M

mv, lv hyhu|zkhuh
qhjdwlyh1 Zkhq wkhuh duh wzr }hurv/ fdoo wkhp {,+v, dqg {�+v,/ zlwk {,+v, ? {�+v,1 Wkhq wkh

sd|r� gl�huhqfh zloo eh qhjdwlyh/ srvlwlyh/ dqg qhjdwlyh uhvshfwlyho| rq ^3> {,+v,,/ +{,+v,> {�+v,,/

dqg +{�+v,> 4`1 Dv lq wkh rwkhu fdvhv/ zh fdq vkrz wkdw li v� A v/ wkhq ��+{,+v,mv�, A 3 dqg

��+{�+v,mv�, A 31 Wkhq lw pxvw eh wuxh wkdw {,+v�, ? {,+v, dqg {�+v�, A {�+v,1 Xqghu wkh

g|qdplfv/ sdwkv vwduwlqj lq ^3> {,+v,, zloo frqyhujh wr {
M

@ 3/ dqg sdwkv vwduwlqj lq +{,+v,> 4,

zloo frqyhujh wr {�+v,1 Wklv phdqv wkdw li {f
M

? {,+v,/ wkhq �W+{f> v, @ 31 Li {f
M

A {,+v,/ wkhq
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wkh orqj uxq sd|r� lv jlyhq e|

�W+{f> v, @ �
M

+�{+v,> v, @ d� +d� f,p
Mu

@{�+v, dqg dovr

�W+{f> v, @ �
u

+�{+v,> v, @ gp
Mu

@+4� {�+v,,

Wklv sd|r� lv srvlwlyh vlqfh g A d A 31 Ixuwkhupruh/ ehfdxvh d A 3 A f/ lw lv lqfuhdvlqj lq

v e| h{dfwo| wkh vdph uhdvrqlqj dv lq Fdvh 61 Wkxv/ zkhqhyhu {,+v, dqg {�+v, h{lvw/ �W+{f> v,

lv vwulfwo| lqfuhdvlqj lq v iru doo {f juhdwhu wkdq {,+v,1 Ixuwkhupruh/ wkh vhw [f+v, @ +{,+v,> 4,

iru zklfk orqj uxq sd|r�v vwulfwo| lqfuhdvh lq v lv jurzlqj lq v1

Qrz h{dplqh wkh vlwxdwlrq zkhq �
Mu

@ �@v/ vr d ? f dqg g A 31 Vwloo wdnlqj d A 3/ zh

wkhq kdyh ��+3mv, @ f A 31 Wklv wlph wkhuh duh wzr fdvhv wr frqvlghu1

Fdvh 4= d A g

Wkhq f A d A g A 3/ vr ��+{
M

mv, lv hyhu|zkhuh srvlwlyh iru doo v/ dqg wkh srsxodwlrq

frqyhujhv wr {
M

@ 4 dqg d orqj uxq sd|r� ri d zklfk lv wkh juhdwhvw orzhu sd|r� ri wklv jdph1

Fdvh 5= d ? g

��+{
M

mv, lv srvlwlyh rq ^3> �{+v,, dqg qhjdwlyh rq +�{+v,> 4` iru vrph �{+v,/ vr doo lqwhulru sdwkv

frqyhujh wr �{+v,1 Qrz/ ehfdxvh �
Mu

@ �@v dqg �
MM

@ �
uu

@ �/ V @ 4@v2/ vr p
Mu

lv

lqfuhdvlqj lq v1 Wkxv/ li v� A v/ zh kdyh

d ? p
Mu

+�{+v,> v�,+
d� f

�{+v,
.

g

4� �{+v,
,

vr ��+�{+v,mv�, ? 3/ zklfk phdqv wkdw �{+v�, ? �{+v,1 Wkhq

p
Mu

+�{+v�,> v�,

�{+v�,
A
p

Mu

+�{+v�,> v,

�{+v�,
A
p

Mu

+�{+v,> v,

�{+v,

Wklv phdqv wkdwp
Mu

@�{+v, lv lqfuhdvlqj lq v/ vr wkh orqj uxq sd|r� �W+{f> v, @ �
M

+�{+v,> v, @

d.+f� d,p
Mu

@�{+v, lv lqfuhdvlqj lq v dv zhoo/ iru doo lqwhulru sdwkv1 Wklv frpsohwhv wkh surri1

Surri ri Wkhruhp 5
Lw uhpdlqv wr eh vkrzq wkdw wkh uhvxow krogv iru jdphv zlwk �

Mu

@ �@v1 Iru vxfk jdphv/

d ? f dqg g A 3/ vr zh dovr kdyh �
MM

@ �
uu

@ �1 Wkhuh duh wkuhh vxefdvhv1

Fdvh 4= g A d dqg g A f

Wkhq f lv wkh juhdwhvw orzhu sd|r�1 L zloo vkrz wkdw a{ @ + S

Sn_
> _

Sn_
,1 Khuh wkh lghd zloo

eh wkdw p
Mu

fdq eh pdgh duelwudulo| forvh wr plqi{
M

> {
u

j e| wdnlqj v vx!flhqwo| odujh1 Wklv

zloo phdq wkdw wudmhfwrulhv fdq eh pdgh wr dssurdfk d qhljkerukrrg ri a{ wkdw fdq eh pdgh

duelwudulo| vpdoo1 Qrz p
Mu

lv jlyhq e|
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p
Mu

@
4�s4� 7+4� 4@v2,{

M

{
u

5+4� 4@v2,

Zh zdqw wr erxqg wkh udwlr p
Mu

@plqi{
M

> {
u

j1 Qrwlfh wkdw wklv udwlr lv v|pphwulf derxw

{
M

@ 4@5/ vr lw vx!fhv wr orrn dw wkh lqwhuydo 3 � {
M

� 4@5 iru zklfk plqi{
M

> {
u

j @ {
M

1

Gl�huhqwldwlqj p
Mu

@{
M

dqg duudqjlqj whupv surgxfhv

g+p
Mu

@{
M

,

g{
M

@
+4� �{

M

,�
t
+4� �{

M

,2 . �+5� �,{2
M

�{2
M

t
+4� �{

M

,2 . �+5� �,{2
M

zkhuh � @ 5+4�4@v2,1 Ehfdxvh v A 4 +khuh zh ljqruh v @ 4 ehfdxvh wkh irfxv lv rq odujh v,/

3 ? � ? 5/ vr wkh vhfrqg whup xqghu wkh vtxduh urrw lv vwulfwo| srvlwlyh +iru {
M

A 3,1 Wkhuhiruh/

p
Mu

@{
M

lv vwulfwo| ghfuhdvlqj/ vr p
Mu

@plqi{
M

> {
u

j lv vwulfwo| ghfuhdvlqj rq +3> 4@5, dqg

uhdfkhv lwv plqlpxp dw {
M

@ 4@51 Dw wklv srlqw/ wkh udwlr lv htxdo wr 5p
Mu

+4@5> 4@v2, @

v@+4 . v,/ vr 4�p
Mu

@plqi{
M

> {
u

j � � @ 4@+4 . v,1

Wkhq iru {
M

� 4@5/

��+{
M

> v, @ d.
p

Mu

{
M

+f� d,� p
Mu

{
u

g

@ d.
p

Mu

{
M

+f� d� {
M

{
u

g,

@ f� {
M

{
u

g� +4� p
Mu

{
M

,+f� d� {
M

{
u

g,

� f� {
M

{
u

g� �+mf� dm. m{M
{
u

gm,

� f� {
M

{
u

g� �+f� d. g,

Wkh odvw vwhs iroorzv ehfdxvh f A d dqg g A 31 Vlploduo|

��+{
M

> v, � f� {
M

{
u

g. �+f� d. g,

Wr frpsohwh wkh slfwxuh/ qrwh wkdw iru {
M

A 4@5/ zkhuh plqi{
M

> {
u

j @ {
u

/
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��+{
M

> v, @ d.
{
u

{
M

+f� d,� g� +4� p
Mu

{
u

,+
{
u

{
M

+f� d,� g,

� d.
{
u

{
M

+f� d,� g. �+m {u
{
M

+f� d,m. mgm,
� f� g. �+f� d. g,

Qrz slfn vrph {f
M

5 +3> 4, dqg vrph duelwudu| % A 31 +Wr dyrlg xqqhfhvvdu| zrun/ wdnh %

vpdoo hqrxjk wkdw a{
M

. % ? 4@51, Xvlqj wkh lqhtxdolwlhv deryh/ ��+{
M

> v, zloo eh srvlwlyh rq

+3> a{
M

� %` dqg qhjdwlyh rq ^a{
M

. %> 4@5` zkhqhyhu � ? Sn_

S3@n_%/ dqg ��+{
M

> v, zloo eh qhjdwlyh

rq +4@5> 4, zkhqhyhu � ? _3S
S3@n_ 1 Wdnh v odujh hqrxjk wkdw � ? plqi Sn_

S3@n_%>
_3S

S3@n_j1 Wkhq

m{W
M

+{f> v,� a{
M

m ? %1 Wkxv olp
r<" {W+{f> v, @ a{ iru doo lqwhulru {f1 Wkhq olp

r<" �W+{f> v, @

olp
r<" �

�

+a{> v, iru l @ 4> 51 Wkh sd|r� ixqfwlrqv duh frqwlqxrxv/ vr wdnlqj wkh olplwv lqvlgh/

olp
r<"

�
M

+a{> v, @ d� +d� f, olp
r<"

p
Mu

+a{> v,

a{
M

@ f

zkhuh wkh olplw iroorzv e| xvlqj wkh idfw wkdw p
Mu

@{
M

� 4 iru doo { dqg v dorqj zlwk wkh

orzhu erxqg ghulyhg hduolhu=

olp
r<"

p
Mu

+a{> v,

a{
M

� olp
r<"

p
Mu

+4@5> v,

4@5

@ olp
r<"

v

4 . v
@ 4

Vlploduo|

olp
r<"

�
u

+a{> v, @ g
a{
M

a{
u

olp
r<"

p
Mu

+a{> v,

a{
M

@ f

vr sd|r�v frqyhujh wr wkh juhdwhvw orzhu sd|r� lq wkh jdph1

Fdvh 5= g A d dqg f A g

Wkh surri iru wklv fdvh lv hvvhqwldoo| wkh vdph dv iru Fdvh 4/ vr L rplw lw1

Fdvh 6= d A g

Lq wklv fdvh/ wkh juhdwhvw orzhu sd|r� lv d dqg zh kdyh 3 ? g ? d ? f/ vr K lv d grplqdqw

vwudwhj|1 Iru dq| {
M

dqg v/ �
M

+{
M

> v, � d A g � �
M

+{
M

> v,/ vr {
M

lv hyhu|zkhuh srvlwlyh1
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Wkxv {W
M

+{f> v, @ 4 dqg �W+{f> v, @ d iru doo {f dqg v1

Uhihuhqfhv

^4` EDOD/ Y1 DQG V1 JR\DO +4<<;,= �Ohduqlqj iurp Qhljkeruv/� Uhylhz ri Hfrqrplf

Vwxglhv/ 98/ 8<809541

^5` EHUJLQ/ M1 DQG E1 OLSPDQ +4<<9,= �Hyroxwlrq zlwk Vwdwh0ghshqghqw Pxwdwlrqv/�

Hfrqrphwulfd/ 97/ <760891

^6` EKDVNDU/ Y1 dqg I1 YHJD0UHGRQGR +4<<;,= �Pljudwlrq dqg wkh Hyroxwlrq ri

Frqyhqwlrqv/� plphr1

^7` ELQPRUH/ N1/ O1 VDPXHOVRQ/ DQG U1 YDXJKDQ +4<<8,= �Pxvlfdo Fkdluv= Prg0

holqj Qrlv| Hyroxwlrq/� Jdphv dqg Hfrqrplf Ehkdylru/ 44/ 40681

^8` EXUGHWW/ N1 DQG P1 FROHV +4<<;,= �Vhsdudwlrq F|fohv/� Mrxuqdo ri Hfrqrplf

G|qdplfv dqg Frqwuro/ 55/ 439<0<31

^9` GXUODXI/ V1 +5333,= �Wkh Phpehuvklsv Wkhru| ri Sryhuw|= wkh Uroh ri Jurxs Dvvr0

fldwlrqv lq Ghwhuplqlqj Vrflrhfrqrplf Rxwfrphv/� plphr1

^:` HOOLVRQ/ J1 +4<<6,= �Ohduqlqj/ Orfdo Lqwhudfwlrq/ dqg Frruglqdwlrq/� Hfrqrphwulfd/ 94/

437:0:41

^;` HOOLVRQ/ J1 DQG G1 IXGHQEHUJ +4<<6,= �Uxohv ri Wkxpe iru Vrfldo Ohduqlqj/�

Mrxuqdo ri Srolwlfdo Hfrqrp|/ 434/ 9450761

^<` HOOLVRQ/ J1 DQG G1 IXGHQEHUJ +4<<8,= �Zrug ri Prxwk Frppxqlfdwlrq dqg

Vrfldo Ohduqlqj/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 443/ <604581

^43` HO\/ M1 +4<<9,= �Orfdo Frqyhqwlrqv/� plphr1

^44` HVKHO/ L1/ O1 VDPXHOVRQ/ dqg D1 VKDNHG +4<<;,= �Dowuxlvwv/ Hjrlvwv/ dqg Krroljdqv

lq d Orfdo Lqwhudfwlrq Prgho/� Dphulfdq Hfrqrplf Uhylhz/ ;;/ 48:0:<1

^45` IHUQDQGH]/ U1 DQG U1 URJHUVRQ +5333,= �Vruwlqj dqg Orqj0uxq Lqhtxdolw|/�

QEHU Zrunlqj Sdshu :83;1

^46` IXGHQEHUJ/ G1 DQG G1 OHYLQH +4<<6,= �Vwhdg| Vwdwh Ohduqlqj dqg Qdvk Htxlole0

ulxp/� Hfrqrphwulfd/ 94/ 87:08:61
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^47` IXGHQEHUJ/ G1 dqg H1 PDVNLQ +4<<3,= �Hyroxwlrq dqg Frrshudwlrq lq Qrlv| Uh0

shdwhg Jdphv/� Dphulfdq Hfrqrplf Uhylhz/ ;3/ 5:70:<1

^48` JKRVK/ S1 dqg G1 UD\ +4<<9,= �Frrshudwlrq lq Frppxqlw| Lqwhudfwlrq zlwkrxw Lqiru0

pdwlrq Iorzv/� Uhylhz ri Hfrqrplfv Vwxglhv/ 96/ 7<4084<1

^49` MRKQVRQ/ S1/ G1 OHYLQH/ dqg Z1 SHVHQGRUIHU +4<<;,= �Hyroxwlrq dqg Lqirupd0

wlrq lq d Sulvrqhu*v Glohppd Jdph/� plphr1

^4:` NDQGRUL/ P1/ J1 PDLODWK/ dqg U1 URE +4<<6,= �Ohduqlqj/ Pxwdwlrq/ dqg Orqj Uxq

Htxloleuld lq Jdphv/� Hfrqrphwulfd/ 94/ 6;607471

^4;` NLP/ \1 dqg M1 VREHO +4<<8,= �Dq Hyroxwlrqdu| Dssurdfk wr Suh0Sod| Frppxqlfd0

wlrq/� Hfrqrphwulfd/ 96/ 44;40<61

^4<` NUHPHU/ P1 +4<<:,= �Krz Pxfk grhv Vruwlqj Lqfuhdvh Lqhtxdolw|B/� Txduwhuo| Mrxuqdo

ri Hfrqrplfv/ 445/ 44806<1

^53` PD\QDUG VPLWK/ M1 +4<;5,= Hyroxwlrq dqg wkh Wkhru| ri Jdphv/ Fdpeulgjh Xqlyhu0

vlw| Suhvv1

^54` PRQWJRPHU\ +4<<<,= �Dgyhuvh Vhohfwlrq dqg Hpsor|phqw F|fohv/� Mrxuqdo ri Oderu

Hfrqrplfv/ 4:/ 5;40<:1

^55` RHFKVVOHU/ M1 +4<<:,= �Ghfhqwudol}dwlrq dqg wkh Frruglqdwlrq Sureohp/� Mrxuqdo ri

Hfrqrplf Ehkdylru dqg Rujdql}dwlrq/ 65/ 44<0681

^56` SLNHWW\/ W1 +4<<8,= �Vrfldo Prelolw| dqg Uhglvwulexwlyh Srolwlfv/� Txduwhuo| Mrxuqdo

ri Hfrqrplfv/ 443/ 8840;71

^57` PDLODWK/ J1/ O1 VDPXHOVRQ/ DQG D1 VKDNHG +5333,= �Hqgrjhqrxv Lqhtxdolw| lq

Lqwhjudwhg Oderu Pdunhwv zlwk Wzr0Vlghg Vhdufk/� Dphulfdq Hfrqrplf Uhylhz/ <3/ 790:51

^58` UREVRQ/ D1 dqg I1 YHJD0UHGRQGR +4<<9,= �Orqj Uxq H!flhqf| lq Hyroxwlrqdu|

Jdphv zlwk Udqgrp Pdwfklqj/� Mrxuqdo ri Hfrqrplf Wkhru|/ :3/ 980<51

^59` VHWKL/ U1 +4<<;,= �Vwudwhj|0vshfl�f Eduulhuv wr Ohduqlqj dqg Qrqprqrwrqlf Vhohfwlrq

G|qdplfv/� Jdphv dqg Hfrqrplf Ehkdylru/ 56/ 5;706371

^5:` ZHLEXOO/ M1 +4<<8,= Hyroxwlrqdu| Jdph Wkhru|/ PLW Suhvv1

^5;` \RXQJ/ S1 +4<<6,= �Wkh Hyroxwlr ri Frqyhqwlrqv/� Hfrqrphwulfd/ 94/ 8:0;71
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